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Abstract. We suggest a novel approach for the fusion of visible (u ) and infrared
(v) images, basing on analogy between the mathematical forms of a Jones vector of
elliptically polarized light wave and a complex 2D vector 1,170 composed of the
images u and v . Since there is no restriction on which of the two images should be

chosen as a real (or imaginary) component, one can construct % in the two forms,
. . 1T S ) .

Vrog = (1/&)[14, ] or Wy = (1/&)[0, zu]Tr , where the superscript “77”
denotes the operation of transposing, i.e. 1,170 represents a column vector. Following

the analogy with the Jones vector of light wave, the vector u?'gos’neg can be

transformed as v = Jﬂgeg’ pos » With J being a complex 2x 2 -matrix, an analogue

of the Jones matrix for optically anisotropic medium. The above analogy with the
Jones formalism allows one to synthesize the fused images using three types of the
fusion algorithms, ‘amplitude’, ‘azimuth’ and ‘ellipticity’ ones. Varying the
components of the J matrix with time, one can synthesize the fused image in a
dynamic mode, thus animating the images fused under smoothly varying parameters,
which are combinations of the J matrix components.
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1. Introduction

Fusion of images is one of plentiful benefits of digital imaging in comparison with traditional
analog photography based on photo-chemical developing process, at which an image is printed on
a solid substrate (paper, polymer, textile, etc.). A digital image is recorded in the form of a
computer file containing a brightness table of pixels. The essence of image fusion is to combine
the brightness tables of two partial images of the same scene. This fused image enriches the
amount of information carried by the two partial images.

The brightness tables of partial images can be fused either on the lowest spatial image level
by applying conventional arithmetic or logic operations to the pairs of pixels of the two partial
brightness tables — or by operating with the tables on a super-pixel level and applying specially
developed sub-space and multi-scale fusion techniques [1]. Nowadays sophisticated image-
processing procedures [2—6], deep learning [7—9] and neural-network approaches [10—12] are
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employed for the image fusion. As a result, the pixel-level techniques based on simple arithmetic
algorithms might seem to be rather primitive and only of educational interest. However, it turns
out that the actual situation is different. The arithmetic pixel-fusion techniques still remain
popular, and we believe that their development will be permanently demanded, at least, in the
nearest years. The reasons are as follows. While the highly intellectual modern super-pixel fusion
techniques are designed for the teams of qualified users who work in a computer office equipped
with modern high-power computing facilities, the arithmetic pixel-fusion approaches represent an
express-technique which is preferable when a real-time, out-of-office image fusion should be done
in extreme situations with small-size mobile imaging devices by the users who have no special
skills in programming.

Although many practical examples of the multimodal imaging are concerned with the visible
(Vis) and infrared (IR) spectral ranges, there is also a great need in this approach for any
electromagnetic ranges (i.e., y-, X-, ultraviolet, Vis, IR and radio-waves). The examples of the
appropriate portable devices are numerous: portative imaging devices for medical diagnostics,
target-sightseeing complexes for armoured vehicles, submarines, ships or spacecrafts (note that the
size of an additional device does matter in the last case), compact low-weight smart imaging
cameras for expeditions, etc.

In spite of the obvious needs, the list of available arithmetic pixel-fusion express-techniques
is short, much shorter than that of the super-pixel fusion techniques. One of the reasons for this
circumstance is that the information on the express-fusion techniques of military or other speci-
alized sectors might be restricted. Another explanation is related to the very principle of arithmetic
pixel fusion. Within the field of real scalars, it is limited by the four arithmetic operations
(addition, subtraction, multiplication and division). Although there are the pixel-fusion techniques
based on different principles (e.g., expectation-maximization or Markov random-field algorithms
[1]), the latter are not considered as express-techniques because of their complexity. One of the
possibilities for boosting novel rapid arithmetic pixel-fusion techniques is overstepping the limits
of the field of real scalars and passing into the fields of complex scalars and vectors [13, 14].

Recently we have offered a complex scalar function as a template for the fusion of Vis and
IR images [13, 14]. In particular, we have generalized the fusion formalism from the field of
complex scalar numbers to the field of complex vectors, such that one of the partial input images
(Vis or IR) is chosen as a real component and the other image is an imaginary component of a
complex 2D vector ¥/, which is uniquely defined by these components in a vector basis. Now we

argue that, by its form, the complex vector 1,17(0) in this case is a formal analogue of the Jones

vector describing the electric field of elliptically polarized light wave [15—17]. Then the image
fusion resembles a superposition of eigenwaves in an optically anisotropic medium. Consequently,
using the analogy with the Jones formalism, one can obtain a transformed fused image described

by a vector v/ = J![/'(O), where J is a 2x2 -matrix consisting of complex components. Therefore

the conclusions that follow from the mathematical properties of Jones-matrix transformations can
be transferred onto the operations of image fusion.

The present article is organized as follows. Section 2 introduces the principles of our
complex vector-image fusion (CVIF) method and the arguments supporting the analogy between
the Jones formalism and the image fusion. Applications of the Jones-matrix transformations to the
image fusion are considered in Section 3 and advantages of the CVIF method are discussed in
Section 4. Finally, Section 5 concludes our results.
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2. CVIF method
Let Vis (« ) and IR (v) images be components of a complex 2D vector 1,17(0) , so that one of these

images is a real component and the other image is an imaginary component of / O Since there is no

restriction on which of the two images must be real (or imaginary) component of the complex vector,

one can construct two different complex vectors 1;7,(12; pos for the same partial images u and v :

pO _ L
lzl/neg \/E |:lU:| > (1)
s _ Lo
lzl/pos /_2 |:lu:| . (2)

In the orthogonal basis of mutually orthogonal unit vectors ¢, and ¢, , the complex vectors

1;7,(12;, pos Can be represented as
~(0 I .
W,(qe; = E(ucl +ivC, ) , 3)
- |
gl = —(v¢, +iuc,). 4)

pos \/E

Throughout the text, the notation f,, ,,, for the parameter f* under consideration is a short

(0) (0)

. ~(0 -0 -
form for the expression “ f,,., and/or f,,,; ”, €.8. Vyeq 1o, stands for v, and v/, 0.

2.1. Analogy of the fused image vector with the Jones vector of polarized light wave
(0)

n(e)g, pos given by Eqs. (1)=(4) bear a striking resemblance to

The forms of the complex vectors

the form of a Jones vector describing an elliptically polarized light wave [15—17]:

o (5)
C2liE, |

with the partial Vis (u ) and IR (v ) images in Egs. (1) and (2) corresponding to the electric-field
components £, and E, of the Jones vector E in Eq. (5). We argue below that, in addition to the

argument of explicit similarity of the mathematical forms given by Egs. (1), (2) and (5), there are
also important physical reasons to employ this analogy for the fusion of multimodal images. The
arguments supporting the analogy between the Jones formalism and the fusion of Vis and IR
images are as follows.

2.1.1. Arguments for the analogy with Jones formalism?
First, both the components E; and E, of the Jones vector in Eq. (5), on the one hand, and the
parameters ¥ and v of the partial Vis and IR images in Egs. (1) and (2), on the other hand, vary
between 0 and 1.

Second, in the framework of Jones formalism, the light-wave components £, and E,

correspond in general to two different eigenwaves propagating in an anisotropic medium (e.g.,
ordinary and extraordinary waves in an optically uniaxial transparent crystal [18]). The light wave

E emerging from the medium is a result of superposition of the eigenwaves El = (1/ V2 ) Ei¢; and

Ukr. J. Phys. Opt. 2021, Volume 22, Issue 3 167



E, = (1/ 2 )Ezgz , where ¢; and ¢, are the unit vectors in the vector basis on which the Jones

vectors are defined. Similarly, the complex vector t,z7,(1(e))

2. pos Tepresents a result of fusion of the

partial vector images # = (1/ V2 )ué} and U = (l/ V2 )052. In other words, here the operation of

image fusion is an analogue of the phenomenon of superposition of optical eigenwaves
propagating in an optically anisotropic medium.
Third, E, and E, are independent vectors that correspond to different eigenwaves with

different polarizations. As a result, they do not add as scalars, being superposed as complex
vectors instead. Similarly, the two partial Vis (u ) and IR (v ) images are independent in the sense
that they cannot be transformed into each other by any known image-processing procedure. In this
context, it is worth recalling that the partial Vis and IR images differ by the physical principles of
their recording. Moreover, as a rule, an object of interest (a target) appears to have the opposite
contrasts on the Vis and IR images of the same scene. A Vis image of a target results from the
interplay between the absorption and reflection of external light. Consequently, a typical target
looks dark against a bright background on the Vis image (a positive local contrast). In the IR
spectral range, a target usually emits IR waves and, therefore, its image results from the interplay
between the light emission and reflection. Consequently, the same target usually looks bright
against a dark background on the IR image (a negative contrast).

As a consequence, scalar summation of the partial images # and v would lead to significant
lowering or even vanishing of the contrast of target in the fused image [19]. For this reason, the
image fusion based on the addition in the field of real scalars is, at least, not desirable for the
multimodal partial images [13, 14]. A transition to the complex scalar field solves the mentioned
problem of vanishing contrast. We have shown in Refs. [13, 14] that the contrast doubles for the
phase image obtained with a so-called complex scalar-function image fusion (SCFIF) method. On
the contrary, the contrast becomes zero (i.c., a target becomes invisible) in the frame of the scalar-
addition fusion method whenever the target has the contrasts which are equal in the absolute
values but opposite in the signs in its partial Vis and IR images [19]. The same advantage is
preserved when we pass to the complex-vector field in the framework of our CVIF method.
Similarly to the phenomenon of superposition of the eigenwaves, which have different
polarizations, the fusion of the multimodal images, which reveal the opposite contrasts, should
also be performed in the field of complex vectors. The sign of the local contrast in the image,
therefore, corresponds to the polarization of the eigenwaves within the suggested analogy. The
opposite contrasts in the Vis and IR ranges correspond to the orthogonal polarizations of the
optical eigenwaves.

Forth, the squared Jones-vector amplitude is the intensity [/ of the wave,

22 o o
I= ‘E‘ =E.-E*= (El2 +E22)/ 2. Notice that, since the intensity of the wave is not necessarily

equal to unity, the eigenwaves under consideration are orthogonal but not necessarily orthonormal.
Under the condition E, =0, the Jones vector describes the light wave linearly polarized along the
axis “1” of the Cartesian coordinate system. Similarly, the light wave is linearly polarized along

the coordinate axis “2” at E; = 0. Finally, the light wave is elliptically polarized in the general

case E; #0, E, # 0, and it becomes circularly polarized when we have the equality E; = E, .
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2
is the intensity of the image fused by the

Quite similarly, the squared amplitude y/n(e);, pos

vector-amplitude algorithm. Under alternative conditions v =0 or u =0, the complex vector
'/7;(12;, pos Of the fused image is reduced respectively to one of the partial (Vis or IR) images, which
are analogues of the linearly polarized eigenwaves. At all the other v and u values, the fused
complex-vector images W,S(e); pos are analogues of the elliptically polarized waves, with the
limiting case u =v corresponding to the circularly polarized light wave. The independence of the
v and u parameters implies that the vectors u = (1/ V2 )ué} and U = (l/ V2 )052 of the partial

images are orthogonal but not necessarily orthonormal.
The correspondence between the basic notions of the Jones formalism and the fusing CVIF

technique, which has been discussed above, are summarized in Table 1.

Table 1. Analogies between the Jones formalism and the CVIF method

Jones formalism CVIF method
Jones vector components, i.e. linearly | Partial Vis (u# ) and IR (v ) images
polarized eigenwaves E; and E,

Superposition of light eigenwaves Fusion of partial images

Jones vector E of an elliptically | Complex vector W,S(e); pos Of a fused image
polarized light wave
Polarization of light eigenwave Sign of local contrast in partial image
-2 2
Intensity of light wave ‘E‘ , squared | Intensity of fused vector image 1[/’5,2; pos| » squared
amplitude of Jones vector amplitude of fusion algorithm
Azimuth of polarization ellipse Azimuth fusion algorithm
Ellipticity of polarization ellipse Ellipticity algorithm for fusing images, a measure of

relative contributions of partial images to a fused image

2.1.2. What do we gain from the analogy?

Analogies in the description of different physical phenomena are an efficient tool for deeper
understanding of known and prediction of new properties and effects. An analogy between
different physical systems can be based on the similarities found either in their structures and
behaviours or in mathematical forms of equations that describe these systems. The structural
element serves as a basis for analogy, e.g., between the solar system and the atom (a planetary
model of atom). The same concerns the analogy between a freely suspended cholesteric liquid-
crystal droplet with a tangential surface anchoring [20] and a magnetic Dirac monopole [21].
Maxwell has used behavioural similarity between the fluid and the electrical current in order to
develop the theory for various fields of electricity [22, 23]. A similar approach has once been
employed for the phenomena of superconductivity and superfluidity [24]. Following from
similarity of the equations for the free energies of a superconductor and a smectic liquid crystal, de
Gennes [25] has concluded that many effects, which occur in superconductors, should have their
counterparts in liquid-crystal smectics A. In particular, unwinding of the cholesteric twist at the
transition into smectic-A phase has been understood as a Meisner effect for superconductor in
magnetic field, whereas the twist grain-boundary phases in chiral liquid crystals have been
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predicted [26] and discovered experimentally [27—30] basing on the analogy with the Abrikosov
phase of superconductor in magnetic field.

This is why a similarity between the superposition of electromagnetic waves with different
polarizations and the fusion of multimodal images has inspired us to assign the complex vector

(0)

Wnew. pos to @ fused image built of partial Vis and IR images, such that the 1/7(0)’ pos Parameter

neg
given by Egs. (1) and (2) is an analogue of the Jones vector (see Eq. (5)) for elliptically polarized
wave. As explained below, the Jones formalism opens an efficient way for describing

transformations of the vector W,S(e); pos under the action of a Jones matrix.

In the framework of Jones formalism, a Jones vector E(O) transforms into another vector

E= JE(O) under the action of a 2x2 -Jones matrix J, which has complex components. Because
the four components of the Jones matrix are complex, they contain eight independent parameters
together. In the most general case, the Jones matrix J describes the anisotropic medium
possessing eight different optical properties. These are refraction, absorption, linear birefringence,
linear dichroism, circular birefringence, circular dichroism, Jones birefringence, and Jones
dichroism. Each of these eight parameters affects in a specific manner the components of Jones
vector. This modifies the following parameters describing the optical wave: the intensity
(amplitude), the azimuth, and the ellipticity of polarization ellipse. Since the transformation of the
electric-field vector of optical wave under the action of each of these parameters is well
understood and can be easily predicted, the analogy of the fused-image vector 7 with the Jones

vector can be fruitfully employed when fusing images according to the well-known rules of the
Jones-matrix formalism. This does not require recalculating their action on the components of the
complex vector /.

. . . N (0
Using an analogous Jones transformation, one can obtain a vector ¥, ., = Jt//f,e;’ pos - I

the same way as the Jones-matrix components affect the components of the input Jones vector,
they affect the input partial images (# and v ). Then the analogues of the parameters such as the
intensity (or the amplitude), the azimuth and the ellipticity can be calculated for the transformed

VECtOr W ,eq o5 - The latter can be used for inventing three different fusion algorithms, each of

which carries its own information.

The polarization states of optical waves can be represented graphically with a standard
Poincare sphere. Then a possibility for graphical representation of the evolution of transformed
fused vector ¥,., ,,s Will represent another benefit of the analogy between the fusion and the

Jones formalism. The coordinates of different points on the Poincare sphere are specified by the
azimuth and ellipticity angles, while the radius of this sphere corresponds to the degree of
polarization of optical wave. An analogous parameter can be calculated for the fused vector

W eg. pos - Importantly, the data obtained from the fused vector ¥/, ,,, as an analogue of the

Jones vector can be used to calculate the analogue of the Stokes vector. Then the Mueller-matrix
formalism can be applied to the image fusion.

In some cases the matrix J can be reduced to the Jones matrices of particular optical
elements such as linear and circular polarizers, linear phase-retardation plates (e.g., quarter- or
full-wave ones), absorbing or dichroic plates, optical rotators, etc. The effects of these optical
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elements on the light wave are well understood and, hence, their analogues can be efficiently
applied to the fusion vector V7neg, pos - 10 this way, the corresponding calculations can be

performed according to well-known rules and with well predictable results. Moreover, additional
possibilities for graphical consideration would appear basing on the Poincare sphere.

2.1.3. Parameters of /,,, ., vector as a basis for fusion algorithms

Using the analogy with the Jones vector of light wave, the vectors ¥/,,, ,,, can be characterized

V/S,g;’ pos|» S well as by the azimuth ;(((2) and the ellipticity angle y(q) of

neg,pos neg,pos

by the amplitude

polarization ellipse. These points can serve as origin of three different types of fusion algorithms,
which we call as amplitude, azimuth and ellipticity algorithms. It is easy to show that the both
vectors W,S(e); and t,z7(0) have the same amplitude,

pos
\/(u/fw;) (w,(wg «/ wpm v/,m \/ , (6)

and “" denote the scalar product and the complex conjugate, respectively.

Vhek| =

~(0)
- |-

[T 1)

where the symbols
The azimuth y and the ellipticity y are defined by the relations [21]

0 0
(O) tgte;,pos + (tgte;,pos )
tan2 00 pos = ) (7)
1-|A%)
" |*neg, pos
tgtg‘g pOs _(t}(’lg; pOs )*
. O . s s
sin 2;/,(,62,,1)03 =—i > (®)
1+[A0)
neg, pos
where
0) .U 0\ _v (o) _.u 0 0) ((0)) _u
t}(’le; = l;, g: ‘g)r‘ t}(’le; (tgle;) = ;s tgyo)s = l;: tgyo)s = tgw)s (tgw)s) = E )
It is worth noting that, in the framework of the SCFIF method [14], |,/, | 1 /\/_ )1 Ju? +02

implies nothing but the amplitude algorithm (see Eq. (5) in Ref. [14]), whereas

A0 ‘ _Y and
neg| =

‘fg?))s‘ _ Y correspond to the z-algorithms of the SCFIF method (see Egs. (6) and (7) in Ref. [14]).
v

Substitution of Egs. (9) in Egs. (7) and (8) gives
(0) _(0) __(0)

X = Xneg = Xpos =0, (10)
sin2y( ) —styS,eé), —smzy/j(yo)é = 2%. 11

The other functions of the ellipticity angle might also be useful as fusion algorithms:

(12)

(13)
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Notice that Eq. (11) remains the same when u(o) and L)(O) are interchanged, thereby

implying the equality ;/,(12; = 75;?;)3 . Consequently, the same holds for Egs. (12) and (13).

3. Jones matrix approach for image fusion

Consider a matrix

J J Ji+iJ] Sy +iJT
J=|: 11 12}={ 11 .1"1 12 .1”2} (14)
Jou I JyutiJy JptiJy
The matrix J transforms the vectors W,S(e); and 1;7;?))3 into the vectors
5 (0
Vheg, pos = JW}(’le;,p()S > (15)
such that we obtain
N _ (J{lu—J1"20)+i(J1"1u+J1'2L)) N _ (J{ll)—Jl"zu)+i(,]1"1u+.]{2u) 1
lil/}’leg - ' ” (o ' ’ l71/‘003 - ' ” o J! ( 6)
(leu —J220)+ 1 (leu +J22[)) (JZIU —Jzzu)+ 1 (']210 + 221/[)
3.1. Amplitude algorithms
The amplitudes of the transformed vectors /,,,, and ¥/, read as
R 2 2 2 2
lz’/neg,pos =(aryl/eg,pasu) +(brvl/eg,posu) +(cll/1/eg,pos) uv, (17)
where
v V¥ _(pr \ 2 2
(aneg) =(bpos) =|J11| +|J21| 5
(brl/t/eg) =(a?os) =|[Jon|” + |0 (18)
(74 2 (74 2 "oy rogn ’ " "oy
(cneg) = (cpos) =2(J\\Jia = Ji1Jin + 505 =I5 3.
Eq. (17) shows that, in general, the inequality
lzl_/’neg # |l/7pas (19)

holds true, which is different from the corresponding algorithm used in the framework of the scalar

SCFIF method [13,14]. It is also different from the amplitude 1,17(0)‘ (see Eq. (6)). Therefore, one

can obtain two different amplitude images |y/,,,,| and |t,17 pos| after the action of the J matrix,
instead of one amplitude image.
Taking into account that the amplitudes |/,., 5| represent some fused images, one should

normalize their maximal possible value by imposing the condition

ol =1

Substitution of the maximal possible values of the partial images (ug?a)x =1 and L)S,?a)x =1)

lz’/neg,pos

into Eq. (20) gives

(ar(/t/eg,pas )2 + (brvl/eg,pos )2 + (cgl/eg,pos )2 =1. (21)

Therefore, Eq. (17) is an algorithm for fusing the amplitude images with the weight
coefficients a” b and ¢ . Regarding Eq. (21), the weight coefficients should not

neg,pos °> “neg,pos neg,pos

exceed unity, such that ay,, . and by, .. are independent, whereas c},, ,,,, is determined as
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Cheg pos = \/1_((a;/’/eg,pas )2 +(b;feg,pw )Zj ) (22)

3.1.1. Particular cases of normalization

The case Chog 05 =0 . Weighted scalar complex-amplitude algorithm
. 2 2 w 3
Under condition (arl/l/eg’pw) +(brl/l/eg’pw) —1, one has ¢}, =0 from Eq.(21), so that the

amplitude of the fused image vector given by Eq.(17) reduces to the amplitude
2

2 2
Y neg. pos :(a,",’eg,posu) +(b,"l’eg’posu) of the weighted complex scalar functions [13,14].

2 2
Moreover, under the condition (a;’,’eg’ pw) = (b"’ =1/2, Eq. (21) reduces to the normalized

neg, pos )
amplitude algorithm |1//|n = (1/ V2 )\/uz +0? (see Eq. (14) in Ref. [14]), which is based on the
complex scalar functions y,,, =u+iv and v ,,; =v+iu. Therefore, we are led to conclude that

the appropriate choice of the weight coefficients @), o5 > Drog pos A0 Chog o5 (Which, in their

turn, are defined by the components of the transformation matrix J via Eq. (18)) reduces the vector
amplitude algorithm (17) of the CVIF method to the scalar amplitude algorithm of the SCFIF
method [13, 14]. The latter implies that the SCFIF method represents a particular case of the CVIF
method.

2
The case (c,",’eg’pas) =2} posDheg, pos - Simple scalar-addition algorithm
2
Substitution of the condition (cﬁ,’eg’ pas) =2} posDheg, pos 1Nt Eq. (21) leads to the condition

g pos +Bheg pos = 1. Then Eq. (17) reduces to the algorithm of weighted addition |y/| = au +bv

within the field of real scalars. In particular, Eq. (17) reduces to the arithmetic averaging algorithm
lv|=(u+v)/2 within the field of real scalars in the case of a}, =b =1/2 and at

neg, pos neg,pos

Cheg.pos = 2%heq. posDneg pos - I other words, at the appropriate choice of the weight coefficients

@yog pos » Dheg. pos A4 Clog o (Which are defined by the components of the transformation matrix

J via Eq. (18)) the vector amplitude algorithm, which is defined by Eq. (17) within the field of
complex vectors, reduces to the weighted addition algorithm and the averaging algorithms within
the field of real scalars. In other terms, the action of the transformation matrix J via Eq. (15) in
case of the amplitude algorithm reduces to introduction of the weighted coefficients via Eq. (17).

3.2. Ingredients of azimuth and ellipticity algorithms
Let us find the azimuth and the ellipticity of the complex vector images V,., ,,, given by
Egs. (16). They are obtained by the action of matrix J (see Eq. (14)) on the input complex vector

image 1[/’5,2, pos given by Egs. (1) and (2). For this aim one has to calculate the parameter

lzl/Z,ne ,pos
b oy = TGOS (23)
g, POS
V/l,neg,pas

Here W1 00 pos @A W3 400 o5 are the components of the vector ¥/ ., ., » Which are defined

respectively by the 1% and 2" rows of the column vector given by Egs. (16):
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U/Lneg = (J{]u _JI”ZU) +i(J1”1M +J1,2L)), W],pOS = (Jlllv—Jl”2U)+ i(JIIIIU+J1,2u),

’ ”n . " ’ ’ ” . ” ’ (24)
Waneg = (J21tt = J3p0) +i(J3u+ I pv), W2 pos = (Jo10=Jopu) +i(J5 0+ J5ou).
Substituting Egs. (24) into Eq. (23) gives
, a+bd+i(bc—ad)| * _a+bd—i(bc—ad)| (25)
neg, pos (02 +d2) ’ neg,pos (02 +d2)
neg,pos neg, pos
where
eg =Jyu—Jynv, 4 pos =Jyv=Jnu,
bneg =Jé'1u +Jé2[), bpos =J£1L)+Jé2u, (26)
Cheg =Jjju—Jpv, € pos =Jiv-Jhu,
dneg =J1”1u +J1,21), deS =J1”IU +J1,2u.
From Eq. (25) one obtains
2 2 2 2 " orr r o
p 2_a2+b2 _|J21| u +|J22| L +2(J21J22—J21J22)MU (27)
neg,pos _2d2 - 2 2 2 2 " o ¢ ’
L |J11| u +|J12| v° +2(Jf1Jiy = Il )uv
* ac+bd
Lneg,pos T lneg, pos = 2ﬁ > (28)
¢ +d neg,pos
* .bc—ad
Lneg, pos ~ tneg, pos = 2i > > (29)
" +d neg, pos
3.3. Azimuth algorithms
The azimuth is given by the formula
tneg, pos +t:eg, pos
tan 2,0 pos = — . (30)
- tneg,pos
Substituting Egs. (25)—(29) into Eq. (30) yields in
ac+bd |
tan2y,co pos = 2 €2y
g, POS 2. 2 2,42
c"+d —(a”+b )neg’pos
Eq. (31) can be rewritten as an explicit function of the input images u and v :
2 2.2 2 2
)  Syntt” 1,0 +aznuu| 1
@2 g pos =25 3 2 2. 2 ’ (32)
fldu + UyqU” + 0 quL neg.pos
where
2 ' " on 2 2 2
é;(n,neg =J21J11 _J21J11’ éld,neg =|J11| _|‘]21| ’
2 " ogn ' 2 2 2
Mynneg =J2J12 +I0J12, Hyd neg =12l =l (33)
2 "oy 1o ’ I3 "o 2 " oqr rogn rogn "oyr
Cynneg = J31012 =InS s + I I\ =Indits Oraneg = 2(J1 12 —J1J12 + 5105 = J5105 ),
2 2 2 2
fxn,pos = Hyn,neg» é;(d,pos = Hyd neg>
2 2 2 2
Hyn,pos = é;{n,nega Hyd, pos = éld,neg’ (34)
2 2 2 _ 2
O yn,pos = O yn,neg > O yd,pos = O yd neg-
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3.4. Ellipticity algorithms
The ellipticity is given by

*
t -t

. _ .‘neg,pos ~ ‘neg,pos
SIN2Yy0q pos =i 5 (35)

1+ tneg,pos

Substituting Egs. (25)—(29) into Eq. (35) results in

. bc—ad
SN2 g pos =253 (36)
a”+b” +c” +d” |peg, pos
We rewrite Eq. (36) as a function of the input images u# and v:
2 uz+y2 v?+oluv
sin2 ==L i i (37)
Vneg,pos = 2?4 g0 402 ’
u v° +0o UL
rd 'uyd rd neg, pos
where
E2vneg =TIy I} A VA VAT
ynneg = Y21Y11 ~Y21Y115 fyd,neg—| 11| +| 21| >
2 _qn g "o 2 _ 2 2
Hynneg = I 20012 =I 012, Hyd neg —|J12| +|J22| , (38)
2 ' ' "o ' " orn 2 "oyt "oyt rogn o
Cynmeg =TI 11 +I0 011 =511 =I5 Oyaneg = 2(J51Tha + I\ (2 = J31035 = I (1),
2 _ 2 2 _ 2
Syn,pos = Hyn,neg > Syd,pos = Hyd neg>
2 2 2 2
Hyn,pos = éyn,neg’ Hyd,pos = éyd,negs (39)
2 ) 2 _ 2
Oyn,pos = Oyn,neg > Oyd,pos = Oyd neg-

4. Discussion

It is well known [15] that variation of the Jones-matrix components results in varying polarization
state of the light wave emergent from optically anisotropic medium. These transformations of the
emergent light can be consistently considered using the Poincare sphere. Due to the analogy of the
Jones vector for light and the complex vector  for fused image, the same approach can be

applied to the image fusion performed with the CVIF method. Application of the Poincare sphere
to the problems of image fusion is an interesting problem for the future work, which deserves
further investigation.

It would be interesting to compare the vector fusion method suggested in this work with the
recent scalar SCFIF method [13, 14]. In the framework of the SCFIF method [13, 14], one of the
partial images is chosen as a real part and the other as an imaginary part of a complex function,
which is then considered as a complex scalar fused image and is treated according to the rules of
complex scalar function calculus. The SCFIF method in the field of complex scalars is an analogue
of the fusion algorithm based on the operation of addition in the field of real scalars, although the
partial images are not added directly in the framework of the SCFIF method. Within the field of
complex scalar numbers, one can generate two principally different types of the fused images from
the two partial images, the amplitude and phase ones. By its physical sense, the amplitude image
can be understood as a root-mean square of the two partial images. On the other hand, the phase
image can be calculated either as the phase of complex function (i.c., the arctangent of the ratio of
partial images, which corresponds to a so-called ¢ -algorithm) or the tangent of the phase itself,

which is nothing but the ratio of the partial images (a so-called z-algorithm).
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Since there is no restriction on which of the two partial images must be taken as a real part of
a complex scalar function, each of the ¢ - and ¢- phase algorithms splits into two sub-algorithms of

‘positive’ and ‘negative’ phase images. Therefore, within the field of complex scalar numbers, one
can generate from two partial images at least five different fused images, which should be
compared with a single fusion algorithm of image addition performed in the field of real scalars.
Moreover, the other possibilities for the synthesis of additional fusion algorithms are available
according to the rules of complex-function calculus [13, 14].

The advantages of the SCFIF method, if compared to its counterpart based on the operation of
addition in the field of real scalars, are numerous. They cannot be reduced solely to a number of
possible fused images. First, both the amplitude and phase images carry specific information of their
own. For this reason they should not be considered as alternatives to each other. Instead, they are
mutually complementary in the same sense as the amplitude and phase of a complex number are.

Second, multiple partial images obtained with Vis and IR cameras in the framework of the
SCFIF method can be sorted respectively into two sets. They are pre-fused separately within each
of the two sets followed by their fusion according to the rules of complex scalar function calculus
as the amplitude and phase images. Such a procedure allows one to resolve ambiguity in selecting
the pairs of images and the order of their fusion. Third, the image-quality indices for the SCFIF
algorithms are better than those for the real scalar-addition algorithm. The other advantages of
generalization concerned with passing to the field of complex scalars have been discussed in detail
in Refs. [13, 14]. The same advantages are peculiar to the case when we pass to the complex
vector field in the framework of our CVIF method.

Besides of these common advantages, the CVIF method offered by us has its own advantages
if compared with its scalar counterpart, the SCFIF method. One of them is based on Eq. (17),

contain the coefficients a?” b and

according to which the amplitude images neg, pos » Dneg, pos

lzl/neg, pos

c,",’eg’ pos Normalized via Eq. (21), such that only two of them appear to be independent. If one

chooses @}, ,,; and by, ,,; to be independent, then the third one, c},, ,,, can be calculated

from Eq. (22).

It is important that the weight coefficients ay,, ,, and by, ., and thereby ¢l ., can be

varied smoothly. This possibility implies that the image fusion can be done in a dynamic mode via
animating the fused images in the course of variation of the weight coefficients. To illustrate
application of this theoretical approach, we have fused the two input images obtained with a
conventional digital camera operating in the Vis spectral range (see Fig. 1a) and a thermal camera
for the IR range (see Fig. 1b). The dynamic mode of observation of the fused image can be of great
aid to operators seeking for a target. The illustration of dynamic fusion of the input Vis (see
Fig. 1a) and IR (see Fig. 1b) images with the amplitude algorithm,

v =\/(au)2 +(bo)’ +(1-a* =0 Juv (40)

is presented in Fig. 2¢c. Note that Eq. (40) has been obtained by substituting Eq. (22) into Eq. (17).
Notice that a person on right, which cannot be seen in the Vis image (see Fig. 1a) becomes

visible on the IR-image (see Fig. 1b). The fusion of the Vis and IR images combines the features
of the both images in a single fused image. The images fused with the amplitude algorithm given
by Eq. (40) in the stationary mode with the coefficients ¢ =0.5,b=0 and a=0.5,b=0.5 are
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shown in Fig. 2a and Fig. 2b, respectively. A person on right, which cannot be observed in Fig. 1a
becomes visible in the both images of Fig. 2a and Fig. 2b. The fused images obtained at different
coefficients a and b shown in Fig. 2a and Fig. 2b differ somewhat by their contrasts, though not
too much. It would be hard for an operator to decide which of the images obtained at these a and
b pairs is more informative.

By varying the coefficients a €[1;0] and b&[0;1], one can transform smoothly the fused

image and then compose the obtained set of resulting fused images into a video file (see Fig. 2¢).
Observation of the changes occurring with the fused image as a movie in the course of variation of

the weight coefficients helps operator to catch targeting features. This is performed without
ROT i

(b)

Fig. 1. Input images obtained using (a) a digital photo-camera in the Vis range and (b) thermal camera in the IR
range.

(b)

Fig. 2. Fusion of input Vis (Fig. 1a) and IR (Fig. 1b)
images with the amplitude algorithm given by
Eq. (40). Panels (a) and (b) correspond to stationary
mode with the coefficients equal to a = 0.5, 5 =0 (a)
and a=0.5,b=0 (b), whereas panel (c) illustrates
dynamic mode with the coefficients being varied in
the ranges a €[1;0] and b e[0;1].

To play video in the on-line version of article, click
(¢) ontheimage.
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focusing separately on each intermediate fused image, switching between them and comparing
them, and choosing which of the fused images is better. Instead, the movie can be simply stopped
by operator at the best visibility of a targeted feature. The image changing in time is also more
convenient for computer-assisted targeting, including target detection, recognition and tracking.
The dynamic mode of the image fusion suggested above enhances the probability of detection of
target features (including a person on right) due to smooth variation of the fused image. It is
known that human eyes perceive better and react more reliably to the image features which change
in time. A periodical change helps catching reliably a target (by either operator or a computer). It
is especially true if a target is absent on the image at some weight coefficients and then smoothly
comes into view in the course of their variation, as illustrated in the video displayed in Fig. 2c.

It should be noted that the equations derived for the amplitude image-fusion algorithms given
by Eq. (17) contain variables with the subscripts “neg” and “pos”. The negative (neg) amplitude
image can be transformed into the positive one, and vice versa, by interchanging the coefficients

Ayog pos a0 bl ¢ involved in Egs. (17) and (22). In the dynamic fusion mode, when these

coefficients become nothing else but the weight coefficients which run from 0 to 1 and back again,
the pos-image transforms into neg-image and back again. Hence, there is no need to keep longer
these subscripts in Eq. (40).

The dynamic mode of the image fusion can also be applied to the azimuth (see Eq. (32)) and
ellipticity (see Eq. (37)) algorithms in the same manner, as it has been demonstrated for the
amplitude algorithm. This will be a subject of our future work.

5. Conclusions

We have presented a novel approach to the image fusion on the pixel level, which is based on the
Jones formalism developed originally for the propagation of polarized light through optically
anisotropic media [15]. Our approach is possible due to analogy between the Jones vectors for an

elliptically polarized light wave and the complex vectors y‘/geg Do composed of Vis (u ) and IR

(v) input images, according to Egs. (1) and (2). In the framework of this analogy, one finds a

N 0 _ :
vector Wegpos = IV neg.pos transformed by a complex 2x2 -matrix J, an analogue of the Jones

matrix for optically anisotropic medium. Basing on this analogy, one can compose three types of
the fusion algorithms called as amplitude, azimuth and ellipticity ones.

Since the coefficients referred to the input images u and v in the frame of amplitude,
azimuth and ellipticity algorithms can be smoothly varied, we offer a dynamic image-fusion
method. The latter enables observing a fused image in a video format by varying these
coefficients, which are combinations of the components of Jones matrix J. It is clear that a
dynamic mode of observation that corresponds to changing the fused image in time enhances the
probability of detecting a target, if compared with a common case of stationary image.
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Anomauin. 3anpononosano Hoeuill nioxio 00 zmumms uOUMux (u) ma iH@gpauepeonux (U)
300padicenb, 3ACHOBAHULL HA AHANOZI] Midic MamemamuyHumu popmamu eekmopa [xconca 0ns

CHINMUYHO NOJIAPU306AHOL CBIMJIOBO0L X6UJll mMad KOMNIEKCHO2O ()eoeuMlpHozo eekmopa l,l_/ , wWo
onucye 306paOfC€HH}l u i U. OCKilbKU HeMae 0OMeHCEeHb CIOCOBHO moco, AKe 3 060x 306pa.?i€eHb

cnio obpamu diticnoro (abo yA6H0I0) CKAAA0B010, MOICHA NOOYOyeamu 6eKmop 0 y 060X ¢hopmax
- l/_;geg = (1/\/5)[14, iL)]Tr abo ‘/7203 = (1/\/5)[0, iu]Tr. Tym eepxuiti inoexc "Tr" nosnauae
onepayiio mpancnonyeanns, moémo W° npedcmasnsic coboio eexmop-cmosneys. 3a ananozicio 3

. . . 0 . .
B8EKNOpOMm ,ZZJ!COHC(I C61mM10601 X6UJl, 6EKnop ltl—/pos,neg MOIHCHA nepemeoprosamu 32I0H0 31

Lo 0
CNigeIOHOWEHHAM W = J‘/7neg pos » 0 J npedcmasnae cobolo komnnexcry 2x 2 -mampuyio, siKka €

anano2om mampuyi J{oconca 0s ORMUYHO aHi30mponno2o cepedosuwyd. Bunenaseoena ananozis
3 OJHCOHCIBCLKUM (DOPMANIZMOM 0AE 3MO2Y CUHME3YBAMU 3MUMI 300PadICEeHHsl, 8UKOPUCMOBYIOUU
mMpu Munu a1eopummie CUHRMesy — «AMIIEMYOHUILY, «A3UMYMATbHUILY | «eainmuyHuily. 3MiH00YU
KOMNnoHeHmu mampuyi J 3 4acom, MOJICHA CUHME3Y8amu 31ume 300padceHHs 8 OUHAMIYHOMY
pedicumi, MmumM CaMum AHIMYIOUU 300padceHuss, KL 31umi 32I0HO i3 napamempamu, wo €
KOMOIHAYISIMU KOMNOHeHmi8 mampuyi J | IA6HO 3MIHIOIOMbCSL 8 YACL.
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