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Abstract. In this work we have grown single crystals Kx(NH4)2–xSO4 (x  1.75), 
which belong to a potassium–ammonium sulfate family, and studied their room–
temperature structure. Spectral dependences of the principal refractive indices and 
principal optical birefringences are measured in the visible region. Anomalous biref-
ringence dispersion is observed along the light propagation direction parallel to the 
principal x axis. According to our birefringence extrapolation based on the Sellmeier 
fit for the refractive indices, the symmetry of optical indicatrix at the room tempera-
ture should increase at the light wavelength λIP  1350±60 nm. This corresponds to a 
specific ‘isotropic point’ defined by the condition nx(λIP) = ny(λIP), which has not 
been detected in either K2SO4 or (NH4)2SO4 crystals. 
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1. Introduction 
Inversion of sign of the optical birefringence (an iso-index, zero-crossing birefringence or, simply, 
‘isotropic’ point abbreviated hereafter as ІР) represents a result of accidental increase in the 
symmetry of optical indicatrix, which is not governed by the Neumann’s principle. It is observed 
as disappearance of linear optical birefringence in an (otherwise anisotropic) crystal, which 
happens at some wavelength, temperature and pressure. The effect, which has been found in CdSe 
[1], CdS [2–4], ZnO [3], AgGaS2 [5] and many other crystals, has attracted much attention of 
researchers. From the fundamental point of view, there are many interesting phenomena occurring 
near the IP or immediately at this point (see, e.g., Refs. [3, 4, 6–10]). It is enough to remind that 
the effects of energy transfer between the normal light waves in the vicinity of IP have stimulated 
elaboration of a canonical coupled-mode theory [11]. On the other hand, the IP-related effects 
have found numerous applications ranging from temperature or pressure measuring to constructing 
narrow-band optical filters and determining the exact content of a substance [11–15]. 

There are two points that stimulate searches for new crystalline materials with the IP. The 
first is that many materials found up to now are inherently imperfect due to specific melt-based 
growing techniques. Then the very spectral position of the IP and the corresponding material para-
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meters depend notably on the growing conditions, stoichiometry and the impurities involved and, 
therefore, vary from sample to sample. For instance, even such basic parameter as the wave-coup-
ling coefficient in wurtzites is heavily determined by the internal mechanical stresses in crystal 
samples [3, 4, 8, 16]. To overcome this deficiency, it would be desirable to work with solution-
grown crystals revealing more stable and reproducible characteristics. Besides, the characteristics 
associated with the IP can become instable with respect to temperature or pressure, whenever the 
material manifests structural transformations. The second point is that the IP is often not located in 
a desirable spectral region or appears at temperatures different from ambient one, which requires 
technically complex stabilization facilities. In this respect, isomorphic substitutions can efficiently 
change the spectral and temperature positions of the IP. This is a reason why mixed crystals with 
varying content or solid solutions with the IP have been studied so extensively (see, e.g., Refs. [9, 
12, 15, 17–20]). On the other hand, efficient control of the IP characteristics anticipates also ascer-
taining the underlying interrelations between the structural and optical anisotropy characteristics. 

The arguments mentioned above have drawn our attention to K2SO4–(NH4)2SO4 crystals of a 
potassium–ammonium sulfate (PAS) system, which is known to form a continuous series of 
isomorphic solid solutions with a general formula Kx(NH4)2–xSO4 (0 < x < 2). They are described 
by the point symmetry group mmm at the room temperature. The structure and various physical 
properties of pure K2SO4 and (NH4)2SO4 have been studied in a number of works (see, e.g., 
Refs. [21–23]). In particular, the IP has not been found in ammonium sulfate, while potassium 
sulfate reveals a peculiar isotropic state at relatively high temperatures (500–600 K), which 
hinders any practical applications. The properties of the PAS solid solutions have also been 
investigated, though mainly in connexion with their thermal structural transformations [24–26]. To 
our knowledge, no optical studies of PAS with intermediate fractions 0 < x < 2 have been 
undertaken up to date. However, it is known that increasing x value suppresses the paraelectric-to-
ferrielectric phase transition occurring at 223 K in pure (NH4)2SO4. What is important, this phase 
transition in the PAS system disappears completely at x > 1.4 [24] and the crystals become 
thermally stable, since the hexagonal-to-orthorhombic phase transition occurring in K2SO4 at very 
high temperatures (~ 860 K) cannot affect the room-temperature properties of PAS. 

Below we report the structure and spectral dependences of the refractive indices and the 
optical birefringence in a particular PAS representative, K1.75(NH4)0.25SO4. The main subject is the 
optical anisotropy in relation to the structural features of the crystal, and searching for the IP. 

2. Experimental 
Single crystals of mixed PAS were grown from aqueous solution, using the version of a standard 
slow-evaporation technique reported in Refs. [24, 26]. Commercially available salts K2SO4 and 
(NH4)2SO4 with the purity not lower than 99.9% served as initial components. All the crystals 
grown in this manner had a shape of elongated prisms, with the size ~ 1 cm3. They were optically 
transparent and revealed a perfect visual quality under polarization microscope. 

For X-ray diffraction studies, single crystalline samples were carefully pulverized in agate 
mortar and a resulting powder was deposited onto polymeric film in a uniform layer, put in a 
cuvette and fixed with a covering film. The sets of experimental diffraction intensities and 
reflection angles 2θ from the samples under examination were obtained, using an automatic STOE 
STADI P diffractometer with a linear position-sensitive detector. The apparatus worked in a 
transmission mode according to a modified Guinier geometry. The main parameters were as 
follows: Cu-Kα1 radiation, the electric voltage U = 40 kV and the current I = 37 mA, a concave 
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Ge-monochromator (111) of a Johann type, and a 2/-scanning. The temperature of the 
measurements was kept at Т = 23.00.5°С. Initial processing of the experimental diffraction data, 
calculation of theoretical diffractions and indexing of the unit-cell parameters were performed 
using a STOE WinXPOW software package [27] and a PowderCell [28] method. The latter 
compared the X-ray diffraction profiles obtained experimentally with both theoretical and 
experimental diffraction patterns available for the system under test. 

We measured refractive indices in  of the PAS solid solution for the principal axes yxi ,  

and z of optical Fresnel ellipsoid (x = a, y = b and z = c), using a standard immersion method. A 
mixture of α-monobromnaftalyn and refined petroleum was employed as an immersion liquid. The 
experimental apparatus included a detachable Obreimov device and an IRF-23 refractometer 
equipped with a temperature-control system (Т = 23.00.1°С). When studying dependences )(in  

on the light wavelength  , we used a monochromator ZMR-3 and a xenon lamp DKSSh-1000 as 
a light source, which demonstrated a high light yield and low noises in our working wavelength 
region (450–720 nm). The polarization of light was controlled using commercial Glan prisms. The 
resulting measurement accuracy n was not worse than 2×10–4. 

Optical birefringences ni of PAS along the principal axes were studied with a standard spec-
tral photometric method, which was based upon measuring optical transmittance of a polarizer–
sample–analyzer, with the sample orientated diagonally in between crossed polarizers. The refe-
rence birefringence values were determined issuing from the in  data. The spectral dependences 

)(in  were obtained at the same temperature and in the same wavelength region as in the 

refractive-index studies. We used a DFS-8 spectrograph with the dispersion 0.5 nm×mm-1 and the 
resulting resolution about 0.5–1.0 nm. The total birefringence error amounted to n = 2×10–5.  

3. Results and their discussion 
3.1. Crystal structure 
An example of experimental difractograms obtained for our PAS powder is presented in Fig. 1. 
We have taken the results of structural studies [26] as an initial model and so adopted the space 
group Pnma (No 62) for the compound under test. Then the structure of our PAS crystals has been 
refined using a Rietveld method and a WinCSD program complex [29]. The structural parameters 
have been specified assuming that the texture axis is parallel to the direction [2 1 2] and the 
structural factor is equal to 0.31(2), with the corresponding difference factors being equal to 
RI = 0.0887 and RP = 0.2142. The refined results for the PAS structure are displayed in Table 1. 

The chemical composition of our PAS crystals has been determined following from the unit-
cell parameters found experimentally and the ‘concentration dependences’ a(x), b(x) and c(x) 
reported in Ref. [24]. The corresponding results have been finalized with the Rietveld method, 
using the occupation numbers for G-positions of the potassium and nitrogen atoms. According to 
our data, we deal with the compound K1.75(NH4)0.25SO4. Although the above technique does not rely 
directly on the data of chemical analysis, it provides quite sufficient accuracy for the substitution 
parameter (x ≈ 1.75±0.02). 

The crystalline structure of our PAS compound can be considered as an assembly of [SO4]2– 
tetrahedrons located in the positions of anionic sublattice, where cation atoms are located in the 
cavities among the anions (see Fig. 2). To get further insight into the structural features of PAS, 
we have employed a second-anion coordination approach (see Ref. [30]). The second-anion 
coordination of the anion atoms corresponds to a hexagonal analogue of cuboctahedron. 
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Fig. 1. Experimental (open red circles), theoretical (upper black solid line) and differential (lower blue solid line) 
diffractograms obtained for our PAS crystals, along with Bragg-reflection marks (blue vertical bars) determined 
for their refined structure. 

Table 1. Wyckoff positions, fractional atomic coordinates x/a, y/b and z/c, and isotropic thermal 
displacement factor B obtained for our PAS crystals. The lattice parameters are equal to 
a = 7.5562(3), b = 5.7917(2) and c = 10.1016(4) Å, and the cell volume is 442.08(5) Å3. The 
figures in parentheses represent standard deviations. 

Atom Wyckoff 
position 

x/a y/b z/c B, Å2 

S1 4c 0.2352(5) 1/4 0.0784(6) 0.60(13) 
O1 8d 0.3001(9) 0.0405(8) 0.1445(7) 0.40(2) 
O2 4c 0.0500(2) 1/4 0.0890(1) 1.80(4) 
O3 4c 0.7900(2) 1/4 0.5567(9) 1.10(4) 

M* = 0.75[K] + 0.25[NH4] 4c 0.1800(5) 1/4 0.4087(5) 1.14(14) 
K 4c 0.4869(5) 1/4 0.7029(4) 1.13(11) 

 

 

Fig. 2. Second-anion coordination of structural 
components in the K1.75(NH4)0.25SO4 solid solution 
crystals. Dark blue spheres M*+ denote ‘statistical-
mixture cations’ (see text). 

As seen from Fig. 2 and Fig. 3, the potassium atoms, which are not substituted with the 
ammonium groups, occupy octahedral positions, whereas ‘statistical-mixture atoms’ represented 
conventionally as M* = 0.75[K] + 0.25[NH4] are arranged inside twin tetrahedral cavities. We 
suppose that the main feature of the structure of our PAS compound, the ‘statistical mixture’ M* 



Structure and optical anisotropy 

Ukr. J. Phys. Opt. 2017, Volume 18, Issue 4 191 

mentioned above, can notably affect different physical properties of the crystal and, in particular, 
its optical characteristics. This is caused by asymmetric arrangement of the anion atoms inside 
trigonal dipyramids. In fact, increasing fraction of ammonium (M* ≠ K) leads to some asymmetry 
in the local structure accompanied by changes in the nearest-neighbour coordination environment 
and deformations of overlapping orbitals, thus inducing changes in the physical properties. 

3.2. Refractive indices and optical anisotropy 
The band structure, dielectric function and the corresponding optical absorption spectra in a wide 
spectral range will be reported elsewhere [31]. Here we notice only that our theoretical 
calculations of the bandgap Eg for K1.75(NH4)0.25SO4 performed in the local-density and 
generalized-gradient approximations for the density functional have yielded in Eg  4.9 eV. The 
theoretical dandgap appears to be somewhat lower than the experimental value ~ 6.8 eV, as 
expected for the above approximations. The latter Eg value is larger than the corresponding 
parameter for (NH4)2SO4 (4.5 eV) and smaller than that known for K2SO4 (7.2 eV). In line with a 
relatively small fraction x, the parameters Eg for our PAS solid solution and K2SO4 are essentially 
closer. The relevant fundamental absorption edge for PAS is about 180 nm. Finally, the long-
wavelength absorption is located in the far-infrared range, thus confirming that the infrared 
effective oscillators affect the spectral dependences of refractive indices in the visible region much 
less than their ultraviolet counterparts (see discussion below). 

The spectral dependences of the refractive indices measured for K1.75(NH4)0.25SO4 at the 
room temperature are presented in Fig. 3. Quite expectedly, the refractive dispersion is normal for 
all light-wave polarizations. The refractive index for the polarization along the y axis, which is 
normal to the plane xz of optic axes, acquires a middle value, whereas the index for the z 
polarization parallel to the acute bisector of the optic axes is the smallest, i.e. we have nz > ny > nx. 
These inequalities imply that the PAS crystals are optically positive. Moreover, as seen from Fig. 4, 
the spectral changes in the refractive indices satisfy the relation |dny/dλ| > |dnx, z/dλ|. 
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Fig. 4. Refractive index dispersions measured for the 
K1.75(NH4)0.25SO4 crystals at the room temperature: nx 
(green circles), ny (blue squares) and nz (red 
triangles). 

(a) (b) 

Fig. 3. Coordination of potassium atoms (a) and 
‘statistical-mixture atoms’ M* = 0.75[K] + 0.25[NH4] 
(b) in the structure of K1.75(NH4)0.25SO4. 
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The behaviour of the refractive indices can be interpreted using a known Lorentz–Lorenz 
formula: 
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where  is the density of crystal,  its molar mass, N0 the Avogadro number, and i and Ri denote 
respectively electronic polarizabilities and molar refractivities for the light waves polarized along 
different principal axes i. A closer insight into refractive dispersion in the visible region can be got 
using a two-oscillator Sellmeier formula, 
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Here the parameters iB  and iB'  are associated with the strength, the effective mass and the charge 
of ultraviolet and infrared oscillators, respectively, while iU ,  and iI ,  denote the effective 
positions of the corresponding ultraviolet (the subscript U) and infrared (the subscript I) absorption 
bands. Since iI ,  are of the order of 10–20 m, one can simplify the contribution of infrared 
oscillator into the )(in  functions to the last term appearing in the r. h. s. of Eq. (2). The 
experimental values of the parameters entering Eqs. (1) and (2) are presented in Table 2. 

Table 2. Refractive parameters derived for the K1.75(NH4)0.25SO4 crystals at the room temperature. 
Principal  

axis 
λU, i, nm Bi, 10–6 nm–2 

iB' , 10–9 nm–2 αi, 10–24 cm3  
(at λ = 500 nm) 

Ri, cm3  
(at λ = 500 nm) 

x 76.09 211.5 30.09 7.737 19.52 
y 80.09 191.0 29.85 7.756 19.56 
z 78.97 198.0 29.14 7.795 19.66 

When compared with the relevant data for the pure K2SO4 crystals [21], the spectral depend-
ences of refractive indices are similar for the x and y directions, while the refractive index for the z 
polarization in K1.75(NH4)0.25SO4 is slightly higher. The upward shift in the refractive index values 
observed for PAS is equal to 1.2×10–3. If compared with pure K2SO4, the refractive parameters of 
our PAS crystals are also somewhat different. In particular, the Sellmeier parameters Bi are larger 
by about 50×10–6 nm–2 and λU,I are shifted towards the short-wavelength side by ~ 12 nm. The 
polarizabilities αi and the molar refractivities Ri of PAS are slightly larger than those of K2SO4. 

Our studies of optical birefringence ∆nі at the room temperature (see Fig. 5) have shown that 
the dispersion ∆nі(λ) for the propagation directions y and z is normal, with the rough averages 
being equal to d∆ny/dλ  –1.010–6 nm–1 and d∆nz/dλ  –1.6×10–6 nm–1. On the contrary, the 
birefringence dispersion ∆nx(λ) has anomalous character (d∆nx/dλ  0.9×10–6 nm–1). These facts 
hint that an IP can exist in the PAS crystals somewhere in the near-infrared spectral region. 

A simple comparison of our birefringence data obtained for the PAS crystals with the results 
found earlier for K2SO4 [21] reveals the following facts. On average, the ∆n values for the propa-
gation directions y and z for potassium sulphate are slightly higher (d∆ny/dλ  –2.6×10–6 nm–1) and 
lower (d∆nz/dλ  3.6×10–7 nm–1), respectively. The most significant difference is observed for the 
birefringence measured along the x axis. The latter remains normal for K2SO4  
(d∆nx/dλ –1.910–6 nm–1) but becomes anomalous (d∆nx/dλ  0.9·10–6 nm–1) for K1.75(NH4)0.25SO4. 
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Fig. 5. Optical birefringence dispersions 
measured for the K1.75(NH4)0.25SO4 crystals at the 
room temperature: nx (green triangles), –ny 
(blue squares) and nz (red circles). 

Now we discuss in a more detail the availability of IP in our PAS crystals. Let us use a stan-
dard summation rule 0i in  (i = x, y, z) for the optical birefringences referred to different 

propagation directions, where the definitions involve circular permutations: e. g., nx = nz – ny, 
ny = nx – nz and nz = ny – nx. Since the relations nz > ny > nx hold true for K1.75(NH4)0.25SO4, the 
birefringences along the x and z axes are positive and that along the y axis is negative. Of course, it 
is hardly believable that all of the refractive indices can accidentally become equal to each other 
(nx = nz = ny) at some wavelength. However, there still remains a more specific possibility, a case 
of equality of only two of the indices. Then a possible IP λIP in a more practical near-infrared 
region is defined by the relations ∆nz(λIP) = 0 or –∆ny(λIP) = ∆nx(λIP), which are quite equivalent 
theoretically but independent from the viewpoint of experimental data. Unfortunately, there is a 
lack of direct, firmly grounded phenomenological relationships for the birefringence dispersion. 
Therefore we start from the Sellmeier formulae (2) for the refractive indices and express the 
birefringences ni = nj – nk in terms of nj and nk. Then the parameters of Eq. (2) are recalculated 
basing on the much more accurate experimental birefringence data. Issuing from the latter parame-
ters, one can fit the ni(λ) data, extrapolate the theoretical curves into the near-infrared region and 
find the spectral position λIP in our PAS crystals (see Fig. 6). The λIP parameter searched for is 
equal to λIP  1350±60 nm. Here the accuracy has been estimated after varying, in the limits of 
standard deviations, the most critical terms in Eq. (2) that involve the effective iU ,  wavelengths. 

Note that the equality nx(λIP) = ny(λIP) has also been confirmed by fitting directly nx(λ) and ny(λ) data, 
though with essentially lower accuracy (λIP ~ 1400±200 nm). 
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Fig. 6. Long-wavelength extrapolations of optical-
birefringence dispersion curves for the 
K1.75(NH4)0.25SO4 crystals, as made basing on the 
Sellmeier formulae for the refractive indices (see 
text): nx (green triangles), –ny (blue squares) 
and nz (red circles). 
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Hence, although the optical indicatrix in the biaxial PAS crystals has the shape of a general 
ellipsoid (nz ≠ ny ≠ nx), it becomes an ellipsoid of revolution (ny = nx ≠ nz) at the IP. Of course, this 
IP is rather specific: no optically isotropic state is observed for arbitrary wave-normal directions, 
as is the case with the IP occurring in optically uniaxial crystals. The PAS crystal becomes free of 
linear refractive anisotropy only for a single propagation direction z, which represents analogue of 
the optic axis in uniaxial crystals. Nevertheless, this kind of IP does correspond to its general 
definition as a state in which the optical indicatrix manifests an accidental, ‘local’ symmetry 
increase, if compared with the predictions of Neumann’s principle. 

It is clearly seen from our simulations that the IP represents a delicate result of competition 
among the contributions of short- and long-wavelength oscillators to the refractive indices. In this 
respect it is worth reminding that the both limiting compounds with x = 0 and x = 2 in the PAS 
system reveal no IPs at the room temperature, so that the latter appears only due to a moderate 
(12.5%) isomorphic substitution of K with NH4. In this sense the PAS system is similar to  
LiNb1–xTaxO3 where a small addition of lithium niobate to the tantalate also produces the IP at the 
room temperature [17]. Finally, thermal stability and absence of phase transitions in a wide region 
including the room temperature can make the K1.75(NH4)0.25SO4 crystals a good candidate for 
different applications in the fields of crystal optical sensing and operation of laser light. The other 
suitable circumstance is that the IP at λIP  1350 nm falls into the spectral region where standard 
semiconductor LEDs operate. 

4. Conclusions 
In the present work we report the structure and basic optical properties of a PAS solid solution, 
which has been grown using the slow-evaporation technique. Basing on the experimental X-ray 
diffraction data, we have revealed the structural characteristics of our single crystals under ambient 
conditions and determined their content to be K1.75(NH4)0.25SO4 (x ≈ 1.75±0.02). The crystal 
structure has been refined using the second-anion coordination approach. It is found that potassium 
occupying octahedral positions is not substituted with the ammonium group, whereas the potas-
sium atoms located inside twin tetrahedral cavities are partly substituted, forming a ‘statistical 
mixture’ M* = 0.75[K] + 0.25[NH4]. It is supposed that this feature can impose specific physical 
properties of the crystal due to asymmetry of trigonal dipyramids of the anions. 

The basic optical properties of Kx(NH4)2–xSO4 are ascertained at the room temperature in the 
visible spectral region. To our knowledge, this is the first optical study of the PAS-family crystals 
at the intermediate (0 < x < 2) potassium fraction x. In compliance with a moderate (12.5%) 
degree of isomorphic K  NH4 substitution, the fundamental absorption edge, the refractive 
indices and the birefringences are in general closer to those of pure potassium sulfate than its 
ammonium counterpart. The K1.75(NH4)0.25SO4 single crystals are optically positive and manifest a 
normal refractive dispersion. The substitution K  NH4 increases all of the refractive indices and 
the refractive dispersion for the light polarized along the y direction. As for the quantitative 
refractive parameters, we observe a shift in the spectral positions of the effective ultraviolet 
oscillators towards shorter wavelengths and increase in the strengths of these oscillators. 

The dispersion of optical birefringence in PAS is normal for the light propagation directions 
parallel to the principal axes y and z and anomalous for the x axis. This leads to increasing 
symmetry of optical indicatrix at the wavelength λIP  1350±60 nm and the room temperature, 
which corresponds to the equalities nx = ny or nz = 0. This phenomenon has earlier been observed 
for neither of the limiting compounds in the PAS system, K2SO4 and (NH4)2SO4. In other words, 
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small isomorphic substitutions of potassium with ammonium move the IP from the high-
temperature region (~ 500–600 K) towards the room temperature. As a consequence, 
K1.75(NH4)0.25SO4 can be considered as a promising material for IP-based applications in the near-
infrared region, where commercial LEDs operate. The optical phenomena occurring in the vicinity 
of this specific IP will be a subject of our forthcoming study. 
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Анотація. У цій роботі вирощено монокристали Kx(NH4)2–xSO4 (x  1.75), які належать до 
родини сульфату калію–амонію, а також вивчено їхню структуру за кімнатної 
температури. Досліджено спектральні залежності головних показників заломлення та 
головних оптичних двопроменезаломлень у видимій області. Вздовж напрямку 
розповсюдження світла паралельно до головної осі х спостерігаємо аномальну дисперсію 
подвійного променезаломлення. Відповідно до екстраполяції подвійного променезаломлення 
на основі апроксимації Зельмеєра показників заломлення, симетрія оптичної індикатриси за 
кімнатної температури повинна підвищитися на довжині світлової хвилі λIP  1350±60 нм. 
Це відповідає специфічній «ізотропній точці», визначеній умовою nx(λIP) = ny(λIP). Цю точку 
досі не було виявлено ні в кристалах K2SO4, ні в (NH4)2SO4. 


