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Abstract. We have analyzed spatial distributions of optical birefringence and angle 
of optical indicatrix rotation caused by inhomogeneous mechanical stresses 
appearing due to structural screw dislocations in cubic and trigonal crystals. We 
have shown that accounting for even approximate boundary conditions leads to a 
physically sound result, zeroing of piezooptically induced birefringence in the 
vicinity of the dislocation core. Together with the availability of topological defect 
of the optical indicatrix orientation, this provides the exact conditions for generating 
singly charged optical vortices.  
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1. Introduction  
Optical fibres, computer-generated holograms and spiral phase plates are commonly used for 
creating scalar field phase singularities of optical wave front [1–3], while vector field singularities 
can be induced with the aid of crystalline materials including bulk single crystals [4] or liquid 
crystals [5]. It is known that the phase singularities of the light wave front lead to appearance of 
optical vortices embedded into optical beams. Notice that the optical beams bearing nonzero 
orbital angular momentum have found various applications in different novel branches of optics. 
These are manipulation of micro-particles [6], reaching optical resolutions exceeding the 
diffraction limit [7], quantum cryptography, optical communications [8], etc.  

Issuing from all of these considerations, earlier we have suggested a number of methods for 
creating the optical vortices using optical parametric effects induced by inhomogeneous external 
fields (electro- and piezooptic effects). This allows for operating the efficiency of spin-to-orbit 
angular momentum conversion [9–12]. Recently we have shown that dislocations of a crystalline 
structure can also produce the wave front dislocations [13, 14]. The latter property can be used 
while detecting and studying the imperfections of a real crystalline structure. In particular, we have 
found that screw dislocations in crystals produce the topological defects (TD) of optical indicatrix 
(OI) orientation that have their strength equal to ½ [13, 14], while the edge dislocations produce 
the TD of OI orientation with the strength equal to unity [14].  

In fact, the appearance of structural dislocations in crystals is accompanied by inhomogeneity 
of the mechanical stresses that surround a dislocation core. These stresses change the refractive 
indices of a material due to the piezooptic effect. As shown in Ref. [13], the transverse spatial 
distribution of piezooptically induced optical birefringence in the particular case of screw 
dislocations gives birth to the distribution of polarization states in the beam cross section, which is 
characterized with a so-called singular C-point.  
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In our earlier simulations performed in Ref. [15] we have used the analytical relations for the 
mechanical stress tensor components, which have been derived with no account for the boundary 
conditions. This imposes infinitely large mechanical stresses when the radial coordinate 
approaches that corresponding to the dislocation core. Of course, this result has no physical 
meaning. This has also led to infinitely large optical birefringence calculated in the vicinity of the 
dislocation core, which then generates a nonzero light intensity at the nucleus of optical vortex. 
Notice that this fact contradicts a principal property of any optical vortices: the phase value at the 
vortex nucleus should be undefined and the light intensity equal to zero. The present work is aimed 
at clarifying the facts mentioned above. This has been achieved while employing the refined 
analytical relations for the mechanical stress components obtained with taking the simplest 
boundary conditions into account.  

2. Results of analysis 
Below we will consider a screw dislocation appearing in the crystals that belong to the cubic (point 
symmetry groups m3m, 432 and 43m ) and trigonal (point groups 3m, 32 and 3m ) systems. In 
the case of trigonal crystals, the Burgers vector b and the dislocation line are parallel to [001] axis. 
For the cubic crystals they are parallel to [111] direction. For the sake of concreteness, we perform 
our analytical analysis for LiNbO3 (group 3m) and NaCl (group m3m) crystals. 

Let us employ the general relations for the stress tensor components [16] derived for the half 
space 0Z  . Here a cylindrical cavity of radius R0 is meant, which contains a screw dislocation 
with the Burgers vector parallel to the principal Z axis. The appropriate analytical relations have 
been obtained with accounting for the boundary conditions 0 0iz z    and 

0
0ir r R   , where 

 , r and Z define a right-handed cylindrical coordinate system. They are as follows:  
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      , R0 is the radius of the dislocation core, and G the shear 

modulus.  
Using the obvious links 4 sin cosrz z     and 5 cos sin ,rz z     one can 

rewrite Eqs. (1) in the Cartesian coordinate system  XYZ: 
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At the condition Z>>r, Eqs. (2) are presented as [15]: 
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 
   (3) 

Eqs. (3) have earlier been used in Refs. [13, 14]. Here the stress tensor components tend to 
infinity when the X and Y coordinates are equal to zero. Using Eqs. (2), one can also obtain the 
dependences of the stress tensor component on the radial coordinate, either X or Y.  

In our simulations we have used the following parameters for the NaCl 
crystals: 1 2 3 11.8 GPaG G G   , and b = 0.282 nm. As seen from Fig. 1, the stress tensor 
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component 4 does not become infinitely large when the radial coordinate decreases, and the same 
is true of 5. Instead, the component 4 reaches a maximum at r close to R0 and becomes equal to 
zero at r = R0.  
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Fig. 1. Coordinate dependences of the stress 
tensor component 4, as calculated with Eqs. (2) 
for the case of a screw dislocation in NaCl 
crystals (R0 = 20 m and Z=10R0). Insert shows 
dependence of the same stress tensor 
component calculated in the vicinity of dislocation 
core. 

 

2.1. NaCl crystals 
Using a standard matrix representation for the symmetric tensors, one can express the piezooptic 
effect in terms of induced changes in the optical impermeability coefficients iB  [17]: 

0
i i i ij jB B B      ,     (4) 

where ij  is the fourth-rank piezooptic tensor, iB  and 0
iB  the second-rank impermeability tensors 

written in the matrix form for the cases of stressed and free sample, respectively. 
Let us consider the screw dislocation present in the crystalline structure of NaCl, with the 

Burgers vector b being parallel to the [001] axis. We consider a light propagation along the same 
direction. Then the OI parameters read as 

1 11 1 12 2 12 3 2 12 1 11 2 12 3 6 44 6, , .B B B                         (5) 

Taking Eqs. (2) into account, we write out the birefringence and the angle of OI rotation as 
follows: 
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where n is the refractive index. As seen from Eqs. (6), there are no changes in the optical 
parameters whenever light propagates along the [001] axis.  

Now let us consider the screw dislocation in NaCl with the b vector parallel to [111] and the 
case of light propagation along the Z axis. For this aim we have to rewrite the both piezooptic and 
elastic compliance tensors in the new coordinate system X´Y´Z´, in which Z  , Y   and X   are 
parallel respectively to [111], [110]  and [112]  directions. As a consequence, the OI parameters 

can readily be obtained: 

1 14 4 15 5 2 14 4 15 5 6 15 4 14 5, , .B B B                              (7) 

where  

 14 15 11 44 12
1
3

              (8) 

represents the piezooptic coefficient written in the X´Y´Z´ system. Then the birefringence and the 
OI rotation angle are given by 
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Here cos , sinX Y       and 1 2
44

1G G
S

    [9], the refractive index at the light wavelength 

of   = 632.8 nm is equal to n = 1.54, and the piezo-optical coefficients are as follows: 
12 2

11 1.27 10 m / N   , 12 2
12 2.58 10 m /N    and 12 2

44 0.84 10 m / N     [18, 19]. Inserting 

Eqs. (2) into Eqs. (9), one can obtain the X´Y´ distributions of the birefringence and the angle of OI 
orientation. They are depicted in Fig. 2.  
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Fig. 2. X´Y´ spatial distributions of (a) birefringence 
and (b) angle of OI orientation, and dependence of OI 
angle on the tracing angle   (c), as calculated for the 
NaCl crystals using Eqs. (15):  = 632.8 nm, b is 
parallel to [111] direction and Z´=10R0. Insert in panel 
(a) shows dependence of the birefringence along the 
X´ axis. 

 

According to Fig. 2c, the angle of OI rotation depends linearly on the tracing angle. In other 
words, the screw structural dislocation in NaCl with the Burgers vector parallel to the [111] 
direction induces a pure screw dislocation of the light wave front, so that the strength of the TD 
equals to –½. Moreover, the piezooptically induced birefringence reaches a maximal magnitude at 

0r R  and become zero at 0r R  (see Fig. 2a). This fact should yield zeroing of the intensity of 

light propagating through the dislocation core when a crystal sample is placed in between crossed 
circular polarizers. Therefore a singly charged optical vortex is generated. Hence, we have 
recovered the exact properties that correspond to the optical vortices even though only the 
approximate boundary conditions are used in our calculations.  

2.2. LiNbO3 crystals 
Now let us analyze the screw dislocation in the LiNbO3 crystals. We assume the Burgers vector 
parallel to the [001] axis and light propagation along the same direction. The increments of the 



Topological defects 

Ukr. J. Phys. Opt. 2015, Volume 16, Issue 4 175 

optical impermeability tensor components in the XY plane can be written as 

1 14 4 2 14 4 6 14 5, , .B B B                (10) 

Then the birefringence and the angle of OI rotation become as follows: 
3
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The analytical relations and the experimental data necessary for our further analysis of 
LiNbO3 are given by 
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12 2
14 (0.875 0.071) 10 m /N     [20], 12 2

11 5.831 10 m /NS   , 12 2
33 5.026 10 m /NS   , 

12 2
12 1.150 10 m / NS    , 12 2

13 1.452 10 m /NS     and 12 2
44 17.10 10 m /NS    [21], 

1 2 58.5 GPaG G   and 3 71.6 GPaG  , 1 2 0.223    and 3 0.289  , 2.28647on   

(   = 632.8 nm), R = 10–3 m, and R0 = 20 m. Using Eqs. (2) and Eqs. (12), one can derive the XY 
distributions of the birefringence and the angle of OI orientation, which appear in the case when 
the Burgers vector is parallel to [001] and the light propagates along the Z axis. 
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Fig. 3. XY spatial distributions of (a) birefringence and 
(b) angle of OI orientation, and dependence of OI 
orientation on the tracing angle   (c), as calculated 
for the LiNbO3 crystals. Insert in panel (a) shows 
dependence of the birefringence on the X coordinate 
( = 632.8 nm, b parallel to [001] axis and Z=10R0). 

As seen from Fig. 3c, the OI rotation depends linearly on the tracing angle. Hence, the screw 
dislocation in the crystalline structure of LiNbO3 characterized with the Burgers vector parallel to 
the [001] axis induces a pure screw dislocation of the light wave front, which corresponds to the 
TD strength equal to +½ (Fig. 3b). Since the mechanical stress components are equal to zero at 

0r R , the optical birefringence under these conditions is also zero (see Fig. 3a). In other words, 

placing either LiNbO3 or NaCl crystalline samples in between crossed circular polarizers would 
produce a canonical optical vortex with the topological charge equal to ±1. 
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3. Conclusions 
We have derived analytically the changes in the spatial distributions of optical anisotropy 
parameters (the optical birefringence and the angle of OI rotation), which are induced by the 
mechanical stresses caused by the screw dislocations of the crystalline structure. As examples, we 
have simulated the cases of canonical NaCl and LiNbO3 crystals that belong respectively to the 
cubic and trigonal systems. The analytical relations for the stress tensor components have been 
employed, which account for the approximate boundary conditions.  

We have shown that availability of the screw dislocations of crystalline structure in the 
trigonal materials induces the pure screw dislocation of the light wave front, whenever the Burgers 
vector is parallel to the [001] axis and the light propagates along the same direction. Then the 
strength of the TD is equal to +½. In case of the cubic crystals with the screw dislocation, we have 
arrived at the pure screw dislocation of the light wave front appearing when the Burgers vector and 
the light wave vector are parallel to the [111] direction. Then the strength of the TD is equal to –½. 
Notice that the TD strengths characteristic for the different crystalline systems considered here 
have the opposite signs (“minus” for the cubic crystals and “plus” for the trigonal ones). 

Finally, we have shown that the optical birefringence is zero under the condition 0r R  

because the mechanical stresses are then equal to zero. As a result, placing the samples of LiNbO3 
or NaCl in between the crossed circular polarizers should result in a canonical optical vortex, with 
the charge equal to ±1. This implies that the screw dislocations of the crystalline structure can be 
detected using an optical microscope and relevant crystal samples placed in between the crossed 
circular polarizers. 
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Анотація. У роботі проаналізовано просторові розподіли оптичного двозаломлення і кута 
повороту оптичної індикатриси, спричинені механічними напруженнями, що виникають 
внаслідок існування структурних гвинтових дислокацій у кубічних і тригональних 
кристалах. Показано, що врахування навіть наближених граничних умов приводить до 
занулення п’єзооптично індукованого двозаломлення в околі серцевини дислокації. Разом із 
існуванням топологічного дефекту орієнтації оптичної індикатриси, це забезпечує точні 
умови для генерації оптичних вихорів із зарядом, що дорівнює одиниці.  
 


