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Abstracts. We study the behaviour of topological defects (TDs) of optical indicatrix
orientation under the conditions when electrooptic Pockels and Kerr nonlinearities
coexist in the crystals belonging to cubic, hexagonal, trigonal and tetragonal systems
and a conically shaped electric field is applied along the principal crystallographic
and/or optic axes. The topological reactions accompanying the processes of birth,
addition, division and annihilation of the TDs of optical indicatrix orientation are
observed under electric field variations. It is shown that the conservation law for the
strength of TDs holds true under these topological reactions and the behaviours of
the TDs can be exhaustively described by four different scenarios.

Keywords: Pockels effect, Kerr effect, optical indicatrix, optical vortices,
topological defects, topological reactions

PACS: 78.20.]q, 42.50.Tx
UDC: 535.5+537.228.3+515.1

1. Introduction

In the first part of the present study (see Ref. [1]) we have shown that, under application of a
conically shaped electric field along the three-fold symmetry axis in single crystals belonging to
the symmetry groups 43m and 23 of the cubic system, seven topological defects (TDs) of optical
indicatrix orientation appear as a result of ‘crossover’ regime for the electrooptic Pockels and Kerr
nonlinearities. An increase in the electric voltage gives birth to three pairs of TDs, which are
referred conventionally to as TD; and TD*,;, TD, and TD*,, and TD; and TD*;. In addition, a
central TD, TD,, also appears. These TDs are characterized by half-integer strengths and the
opposite strength signs inside the pairs. Besides, it has been demonstrated that the defects TD ;3
move towards the centre of the beam cross section (i.e., towards the central defect TDy) with
further increasing voltage, while the defects TD*, , ; move out of the beam aperture. We have also
revealed in the study [1] that the process described above is reversible, i.e. the pairs of TDs
annihilate whenever the voltage decreases enough. The strength of the central defect TD, does not
change from —2 to 1 until the Pockels effect vanishes completely. Hence, the three TDs moving
towards the central one never reach it with increasing voltage but only approach the central defect
closely enough. The behaviour mentioned here strictly follows from the conservation law for the
strength of TDs, although the total charge of the optical vortices caused by these defects is not
conserved under the TD reactions [1].

Among different point symmetry groups describing optically isotropic (cubic) and optically

uniaxial crystals, for which the Pockels and Kerr effects can coexist (ZBm , 23, 6m?2 s 6 s 4 , 3m,

Ukr. J. Phys. Opt. 2015, Volume 16, Issue 1 1



Vasylkiv Yu. et al

32, and 3 — see Ref. [2]), we have explored the behaviour of TDs of optical indicatrix orientation
only for the first three symmetry groups [1, 2]. Moreover, as follows from our further analysis,
even for these groups the results have not been complete enough. This is why the present work is
devoted to the further phenomenological and numerical analyses performed for the cases of
crystals belonging to the cubic system. Besides, we will present the relevant analysis for the lower-

symmetry groups 6, 4,3m, 32 and 3.

2. Results of analytical and numerical analyses
In our analytical and numerical analyses, we have made use of a Jones matrix approach described
in detail in Ref. [1]. The changes in the TD coordinates which occur with varying electric voltage
are determined by solving numerically a system of nonlinear equations that follows from general
formulae describing the orientation of optical indicatrix perturbed by the electric field due to the
known Pockels and Kerr effects [1, 2].

Let us start from consideration of crystals of the point symmetry groups 43m and 23, which
are subjected to electric field directed along one of the principal crystallographic axes (e.g., [001]).
Here we imply that a wide parallel light beam propagates along the same direction. For both the
point groups, application of a homogeneous clectric field along the [001] axis leads to the
appearance of optical birefringence along this axis due to the linear Pockels effect. The optical
indicatrix equation under the above conditions may be written as

BIX? +BYY? + B)Z* + 21 E; XY =1, (1)
where AB; =B; —Bg =1, E, denote the changes in the optical impermeability coefficients
arising under electric field components £ due to the linear electrooptic effect, ry; =ry; are the

components of a third-rank electrooptic Pockels tensor (ij<>A=1..6), and X, ¥ and Z the
Cartesian coordinate axes coinciding with the crystallographic axes a, b and ¢, respectively.

Applying Eq. (1) to the crystals under interest, one readily obtains the optical birefringence
and the angle of optical indicatrix rotation [3]:

Anyy =—mry By, ¢; =+45 deg, )
where n implies the unperturbed refractive index. As seen from Egs. (2), a homogeneous electric
field applied along the direction [001] induces the linear birefringence whenever the light
propagates along the field direction. Hence, in the crystals of the symmetry groups 43m and 23
these directions do not remain optically isotropic. Then the TDs of optical indicatrix orientation
cannot appear in the XY plane. Similarly, the conically shaped electric field also cannot create the
TDs in the centre of the XY plane, i.e. X=Y =0 since the orientation of the optical indicatrix is
strictly defined (see Eq. (2)). Notice in this respect that the appearance of TDs should imply an
undefined orientation of the optical indicatrix in the TD core [4-6].

After accounting for the quadratic electroptic Kerr effect, the conical shape of the electric
field and a smallness of the uniform cell in a crystal (for detailed explanations see Ref. [1]), one

can rewrite Egs. (2) for the group 43m as follows [7]:

3
n
Anyy = —7\/(1311 ~Rp)*(Ef — E3)+4(ry E3 + RyyE\Ey)* 3)

2041 E5 + R B\ Ey)

2 2y’
(Riy =Ry J(E[ — E3)
where E\=kX, E,=kY and E;=kZ are the electric field components

tan2{, = 4)
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(k=UZ/d(X*+Y*+Z%), with U being the electric voltage and d the crystal sample thickness
along Z axis) and R;, denote the Kerr tensor components (R;, =Ry, for

je>rA=1.6k< u=1,23 and R;, =2Ry, for jj<>A=L..6;kl<>p=4,506). In our
numerical simulations we have wused the following parameters: 74 = 1072 m/v,

R = 1.05x10" ¥ m?/v?, Ry, =0.5x10"8 m?/v? Ry =10"®m?/V?, and n=1.7. The sample
thickness along the [001] direction and the radius of the incident beam have been taken to be
5 mm.
By solving the system of equations following from Egs. (4), one gets
{”411’73 + Ry BBy =0

9 5
(R, —R)Ef —E3)=0 ©

thus allowing to obtain the dependence of the coordinates of TDs on the voltage applied. As seen
from Fig. 1a, two TDs, TD; and TD,, with the strengths +)2 appear if the conically shaped
electrical field is applied along the [001] direction in the crystals belonging to the point group
43m . These defects occupy the positions located at the bisectors of the +.X and F Y axes. The
phase difference in the TD cores is equal to zero (see Fig. 1b). These defects move towards the

centre of the XY cross section of the beam with increasing voltage (see Fig. 1¢), though they could
reach the centre only in the hypothetic case when the Pockels effect vanishes. Then the system of
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Fig. 1. TDs appearing in crystals of the point symmetry group 43m: (a) spatial map of the angle of optical
indicatrix orientation under the electrooptic Pockels and Kerr effects (U =30kV), (b) map of the phase
difference under the same conditions, (c) dependences of TD coordinates on the voltage applied, and (d) map
of the angle of optical indicatrix orientation obtained in the case of pure electrooptic Kerr effect (U = 10 kV). X;
and Y; are coordinates of the defects TD,.
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Eqgs. (5) has a single solution at X =Y = 0. Therefore only one defect (TD,) with the strength +1
appears at these coordinates (see Fig. 1d) due to the Kerr effect (see Ref. [8]). In the latter case
Eq. (4) reads as

Ry E\E) _ Ry
(R~ Ro)Ef —E3) 2(Ri—Rip)

tan24, = tan2¢, (6)

so that we have {, = ¢ at Ryy = 2(R;; —Ry,) (here the notation X = pcose and Y = psing is
used, with ¢ being the tracing polar angle). Hence, the topological reaction accompanying the
process of adding of the defect strength (prp; + prp2 = prpo) May be written as +1/2 + 1/2 = +1.
When passing to the tetragonal symmetry group 4, one should remind that this group
represents a subgroup of the group 43m , which is also characterized by the four-fold inversion
symmetry axis. As a result, one can expect similar behaviours of the TDs for both the groups. For

the group 4, the birefringence and the angle of optical indicatrix rotation within the homogeneous
cell are given by the relations

2
n [2”13E3 +(Ryy — Rip)(E} —E22)+2R16E1E2]
Aan =——2 5 (7)
2 2 2
+4[”63E3 +Re (Ef —E3)+ R66E1E2j|

2rgzEs + Rgy (Ef — E3) + Reo L E,)
213 E3 +(Ryy — Roy (EL — E3)+ 2R E| E,

tan24, = (®)

Here we put the electrooptic coefficients to be equal to 75 =0.5x% 107 2m/v,
Ry =12x1072m/V, Re =1.05x107¥m?/V2, R, =0.1x10"¥m?/V?, R;; =1x10""¥m?/v?
and Rjg =0.5x 107" m?/v2, while the ordinary refractive index is n,=1.7. After solving
numerically the system of equations

re3Es + R (Ef —E3) + R E\Ey =0

; 9
2 _p2

2n3E5 + (R = Ry (Ef — Ey) + 2Ry E By = 0

one obtains two solutions for the coordinates of the TDs (see Fig. 2a). Notice that the phase
difference remains zero at these coordinates (see Fig. 2b). The dependences of the coordinates on
the electric voltage are shown in Fig. 2¢, d.

As seen from Fig. 2, the number of TDs observed in the crystals of the point group 4 and
their behaviours under varying voltage are the same as those typical for the group 43m . The only
difference for the symmetry group 4 consists in the fact that the TDs do not occupy the diagonal
positions between the X and Y axes. When the Pockels effect vanishes, only one defect with the
unit strength remains in the centre of the XY cross section (see Fig.2e). This is due to the
topological reaction of adding defect strength.

Now let us proceed to the analysis for the cubic symmetry group 23. The induced

birefringence and the angle of optical indicatrix rotation within the homogeneous cell for this
group may be represented as

3
n 2
Anyy :—7\/[(1311 ~Rp)E +(Riy —Ri)E3 +(Ry _RIZ)E32:| +4(ry Es + Ry E\E,)” . (10)

4 Ukr. J. Phys. Opt. 2015, Volume 16, Issue 1



Behaviour of topological

2(r1 B3 + Ry BLEy)

tan 2, = 5 5 5 (1D
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The following quantitative values of the model parameters have been used:
r =1.5x102m/ v, Ry =1.2x107"%m?/v2, R, =0.5x1078m?/V2, Ry, =02x107¥m?/v?,
and n = 1.7. By solving the system of equations
{r41E3 +R44E12E2 0 2 o a2)
(Ri1 =Ry )EY +(Rig —Ri)Ey +(Ryy — Rip)E3 =0

one can determine the TD coordinates and their dependences on the electric voltage. We have
found that, in the crossover regime, two TDs (TD; and TD,) are available for the group 23, with
the defect strengths equal to +1/2 (see Fig.3a). These defects occupy the bisector positions
between the = X and F Y axes. The phase difference is equal to zero at the points where the TD
cores are located (see Fig. 3b). As seen from Fig. 4, the defects move towards the centre of the
beam cross section with increasing voltage. When the Pockels effect vanishes, the defect TD, with
the strength +1 appears in the centre of the XY cross section (see Fig. 3c) as a result of topological

reaction of adding TD; and TD;: pp; + prp2=+1/2 + 1/2 = +1.
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Fig. 3. Spatial maps of the angle of optical indicatrix
orientation (a) and the phase difference (b) simulated
for the crystals belonging to the point symmetry
group 23 in the case when a conically shaped
electric field (U=40kV) is applied along the [001]
axis and light propagates in the same direction.
Panel (c) shows map of the angle of optical indicatrix
orientation obtained in the case of pure electrooptic
Kerr effect (U = 10 kV).
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Fig. 4. Dependences of coordinates X and Y of the TDs on the electric voltage applied to the crystals that
belong to the point symmetry group 23.

In our recent work [2], we have partly analysed the behaviour of TDs of the optical indicatrix
orientation under conically shaped electric field applied along the axis [001] in the crystals that
belong to the point hexagonal symmetry group 6m2 . In that work we have revealed three lateral
TDs and one central TD basing on purely analytical methods. However, we could not found a
complete set of the corresponding solutions due to analytical difficulties. Therefore we perform
here a more refined analysis. Let us consider the birefringence and the angle of optical indicatrix
rotation within the uniform cell of a crystal:

3
n

Anyy = —70\/[(}311 ~Ro)(EL = E3)+ 211, B\ > +4[Reg E\E, — 211, E, T, (13)

2(Ree E1Ey =21, E5)

tan2¢, = )
? 211 By + R (EL — E3)

(14)

with the electrooptic  coefficients 7, =2x 10%m/V  and Rge =2% 1078 m?/v?

(R¢s = Rj; —Ry3), and the ordinary refractive index s, =1.7. Then one can form the system of
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equations
RegE\Ey —211E, =0
{ 661452 1122 X ' (15)
211 Ey + Reg (Ef —E3) =0

Eqgs. (15) result in seven solutions rather than four as concluded in Ref. [2]. They can be
obtained numerically. Namely, one arrives at one central TD, with the coordinates X =Y =0 and
the strength —1/2, as well as three pairs of the lateral TDs with the strength modules |1/ 2| and the

opposite strength signs within the pairs (see Fig. 5), which fully comprise the earlier solutions
obtained in the work [2].
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A birth of the pairs of TDs occurs due to the topological reaction 0= prp«+ prp; =
—1/2+1/2, where prp; implies the topological strength of the ith TD. The changes in the
coordinates of these lateral defects (TD, and TD*,, TD, and TD*,, and TD; and TD*;) occurring
with varying voltage are displayed in Fig. 6. It is seen from Fig. 6 that the three lateral defects,
which have been omitted in the study [2] (TD*,, TD*, and TD*;), move out of the beam aperture
with increasing electric voltage. The behaviours of the other defects have been analyzed in detail
in the work [2]. Nonetheless, here we are also to remind that, as the Pockels effect vanishes, the
two TDs are added thus leading to appearance of the central defect with the strength of +1
(pp1 + prp2= +1/2 + 1/2 = 1), while the two other TDs annihilate: prp3 + ptpo=+1/2 — 1/2 =0 (see
Fig. 4c¢).

Since the point symmetry group 6 is a subgroup of the group 6m2, the behaviours of the

TDs for those groups should be similar. For the group 6, the induced birefringence and the angle
of optical indicatrix rotation within the uniform cell of a crystal are as follows:

2
n [2(”1 1By =1 Ey) + Reg (Ef — E3) +4Rgy E\ Es J
Anyy = Y . . (16)
+4[R66E1E2 — Ry (Ef —E5)—rpnkEy — 1 By }

Ukr. J. Phys. Opt. 2015, Volume 16, Issue 1 7



Vasylkiv Yu. et al

tan24, =

2(Re6E\Ey — Rey (EL — E3) — 1y Ey — 1\ Ey)

201, B, ~rypEy) + Reg (B — E3 )+ 4Ry ELE,

(17)

where we have taken the electrooptic parameters # =1x10"2m/v Ty =1.2x107"?m/V,

R66 = 105X10_18m2/V2 and R62
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Fig. 6. Dependences of coordinates of the lateral TDs on the electric voltage applied to the crystals that belong
to the point symmetry group ‘6m2.
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Fig. 7. Spatial maps of the angle of optical indicatrix
orientation (a) and the phase difference (b) simulated
for the crystals belonging to the point symmetry group

6 in the case when a conically shaped electric field
(U=15kV) is applied along the [001] axis and light
propagates in the same direction. Panel (c) shows
map of the angle of optical indicatrix orientation
obtained in the case of pure electrooptic Kerr effect
(U=10kV).
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As seen from Fig. 7 and Fig. 8, seven TDs appear in the crystals that belong to the point
group 6 under the conical electric field. These are a central TD, with the strength equal to —1/2
and three pairs of lateral TDs (TD; and TD*,, TD, and TD*,, and TD; and TD*;). As always, the
phase difference is equal to zero in the TD cores. The strengths of the defects within the pairs are
characterized by the same half-integer values and the opposite signs. These pairs appear due to the
process of birth of the TDs. As the voltage increases, the defects TD* , ; with the strengths —1/2
move out of the centre of the beam cross section, while TD , ; approach the centre. It is interesting
to notice that this movement is not radial as observed in our previous examples. The defects
TD*, ,; move tangentially with respect to TD, ;. As the Pockels effect becomes zero, the central
defect changes its strength to +1 due to the topological reaction of adding and annihilation of TDs:

P10t Po1 T Po2 T prp3=—1/2 + 1/2 + 1/2 + 1/2 = +1 (see Fig. 7c).
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Fig. 8. Dependences of coordinates of the lateral TDs on the electric voltage applied to the crystals that belong
to the point symmetry group 6 .

Let us consider the behaviour of the TDs for the crystals belonging to the trigonal point
symmetry groups 32 and 3m. These groups can be characterized with two different
crystallographic settings. The two-fold axis in the group 32 can be parallel to either X axis or ¥
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axis of the optical indicatrix. Likewise, the mirror plane in the group 3m can be perpendicular to
either X axis or Y axis. The relevant choice depends on the constitutive parameters of crystals, i.e.
on the sign of piezoelectric coefficient d3; or the sign of elastic compliance S)4 [9]. Moreover, the
different settings are characterized by different structures of the third-rank polar tensor that
describes the Pockels effect. As a consequence, the behaviours of the TDs for these setting can
differ, too.We begin with the analysis for the crystallographic settings 32 (2||.X) and 3m (m L Y).

The relations for the induced birefringence and the angle of optical indicatrix orientation are as
follows:

3
n 2 2
Anyy = _—20 \/[2”1 VB + Reg (Ef —E3) + 2R14E3E2] +4[Ri4EsE + R E\Ey — 1 By |, (18)

2(Ri4E3E + Re E\Ey — 1\ E)
211y + Reg (Ef — E3) +2R 4 E5 E,

tan24, = (19)

Here we use the parameter values 7 =1x10"2m/V, Rgs = 1x10"¥m?/v?,

Ry, = 0.1x107¥m?/v? , and n, = 1.7. The system of equations needed to obtain the coordinates
of the TDs reads as

Ri4E5E| + Reo B\ Ey =111 Ey =0 (20)
201, E) + Reg (B —E3) + 2Ry 4 EsEy =0
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300 orientation (a) and the phase difference (b) simulated
o0 for the crystals belonging to the point symmetry
groups 32 (2| X) and 3m (m L Y) in the case when a
180
I conically shaped electric field (U= 30 kV) is applied
120 along the [001] axis and light propagates in the same
60 direction. Panel (c) shows map of the angle of optical
I indicatrix orientation obtained in the case of pure
0 electrooptic Kerr effect (U = 10 kV).
(©

Fig. 9 and Fig. 10 demonstrate that seven TDs appear under the conical electric field. These
are a central TD, with the strength —1/2 and three pairs of the lateral TDs (TD, and TD*,, TD, and
TD*,, and TD; and TD*3). Their behaviour resembles that peculiar for the symmetry group 6m2 :
the pairs of defects appear due to the birth process, while the central defect exists due to axial
symmetry of the conical field. When the Pockels effect vanishes, four defects with half-integer
strengths are available, namely the central TD and the three lateral ones (see Fig. 9c). These

10 Ukr. J. Phys. Opt. 2015, Volume 16, Issue 1



Behaviour of topological

defects do not change their positions when the voltage increases. The appearance of four TDs with
half-integer strengths, instead of one central defect with the unit strength, can be explained by
relatively low symmetry of the trigonal crystals. This leads to a necessity for division of the central
defect as soon as the conical field is applied.
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Fig. 10. Dependences of coordinates of the lateral TDs on the electric voltage applied to the crystals that belong
to the point symmetry groups 32 (2||X) and 3m (m L Y).

Now we write out the induced birefringence, the angle of optical indicatrix orientation and
the system of equations that defines the coordinates of the TDs for the crystals belonging to the
crystallographic settings 32 (2||Y) and 3m (m L X):

3
n 2 2
AnXY B —?0\/[2R14E3E2 + R66 (Elz — E22 ) — 2}’22E2 :| + 4[R14E3E1 + R66E1E2 - ]"22E1 ] N (2 1)
an2¢, = 2Ry E5E) + R662E1E22_ k) , 22)
2Ri4E5Ey + Reo (Ef —E3) —2rpE)
{R14E3E1 +ReeE\Ey =B =0 23)
2 2 :
2Ri4E3E) + Reo (Ef —E5)—2rpEy =0

Here we put ry, =1x107"2m/V , Rgs = 1.5x10"¥m?/v? and Ry, = 0.5x1078m?/v?, and
n, = 1.7. Egs. (23) result in seven solutions: a central defect TD, and three pairs of the lateral

defects (TD; and TD*;, TD, and TD¥*,, and TD; and TD%*;). While the central TD has the
strength—1/2 (see Fig. 11a—d), the strengths of the lateral TDs are half-integer and their signs are
opposite within the pairs (see Fig. 11e—h).

The TDs with the strength —1/2, which are located further away from the centre (i.e., the
defects TD*;, TD*, and TD¥*;), leave the beam cross section with increasing voltage. On the
contrary, the defects which are located closer to the centre and have the same strength of +1/2
(TD,, TD, and TDs) move towards the central TD. At the voltage equal to ~ 9.8 kV they reach the

Ukr. J. Phys. Opt. 2015, Volume 16, Issue 1 11



Vasylkiv Yu. et al

mm

X, mm

mm

X, mm

¢, deg

180
I150

¢ deg
360

I 300
240
180

120
60

AT, deg

X, mm

¢, deg

360
I300

mm

mm

¢ deg
180
I 150

120

AT, deg

4.9
I4.1

¢, deg
360

I 300
240

180

AT, deg

70.8
I59.0

Fig. 11. Spatial maps of the angle of optical indicatrix orientation
(a, e, ¢, g, i, k) and the phase difference (b, d, f, h, j, I) simulated
for the crystals belonging to the point symmetry groups 32 (2||Y)
and 3m (m L X) in the case when a conically shaped electric field
is applied along the [001] axis and light propagates in the same
direction: 1 kV (a, b), 5kV (c, d), 7kV (e, f), 7.5 kV (g, h) 9kV (i,
j), and 30 kV (k, I). Panel (m) shows map of the angle of optical
indicatrix orientation obtained in the case of pure electrooptic Kerr

effect (U = 10 kV).

centre of the beam cross section, thus creating the central TD with the strength equal to +1:

Ptoot Pto1 T P2 T prps=—1/2 + 1/2 + 1/2 + 1/2 = +1. This process is accompanied by addition of

the two defects and annihilation of the remaining two. When the voltage increases still more, one

observes the process of division of the central TD. Then the central TD is divided into the four
defects (see Fig. 11k, 1), the central one and the three lateral, with the strengths equal to +1/2. The
latter lateral TDs move gradually out of the centre with increasing voltage (see Fig. 12). Finally,

12

Ukr. J. Phys. Opt. 2015, Volume 16, Issue 1



Behaviour of topological

four defects are available when the Pockels coefficients become zero, their strengths being half-
integer. These are the central TD and the three lateral defects (see Fig. 11m). These defects do not
change their positions with increasing voltage. Again, they appear due to relatively low symmetry
of the trigonal crystals, which stipulates division of the central defect as soon as the conically
shaped electric field is applied.
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Fig. 12. Dependences of coordinates of the lateral TDs on the electric voltage applied to the crystals that belong
to the point symmetry groups 32 (2||Y) and 3m (m _L X).

Now let us consider the last example, the crystals belonging to the point symmetry group 3.
The appropriate relations for the birefringence and the angle of optical indicatrix rotation are as

follows:
2
3 [2(”11E1 ~ 1y Ey) + R (Ef = E3)+2R 4 E3 Ey = 2Rys By Ey + 4Ry By E J
Anyy =10 NCY)
+4|:R62 (Ez2 - E12) + RysEr By + Ry B3 Ey + Reg B Ey +1yp By — 111 B J
2 2
an2¢, = 2(Rep (B3 —Ey )+ RysEy s + Ry ESEy + R BV Ey +1p Ey — 111 Ey) (25)

2011 By — 1y )+ Reg (Y = E3 )+ 2R 4 EyEy —2Rys Es By + 4Ry B Ey
where 1, =1072m/V |, 5, =0.5x1072m/V, Rg =1.05x10"¥m?/V?, Ry5 =0.5x1078m?/V?,
Ry =1x107"¥m?/V?, Rg, =1.1x10""¥m?/v? and n, =1.7 .
Solving the system of equations
{Rsz (E3 = ED)+ RysEyEy + Ry EsEy + Reg Ey Ey + 1y By =1y Ey =0 26)
2011 By — 1 Ey) + Reg (Ef = E3) + 2Ry B3 Ey —2Rys 5 Ey + 4Ry EyEy =0 ’

one can arrive at seven solutions: a central TD and three pairs of the lateral TDs (TD; and TD*,,
TD, and TD*,, and TD; and TD*;). The central TD has the strength —1/2 (see Fig. 13a) and the
strengths of the lateral defects are also half-integer. As always, the signs of those TDs are opposite
within the pairs (see Fig. 13a). The above TD pairs appear due to the process of defect birth
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analyzed above. The defects of the strength —1/2, which are located further away from the centre
(TD*,, TD*, and TD*;), leave the beam cross section with increasing voltage (see Fig. 14). At the
same time, the corresponding defects located closer to the centre (TD;, TD, and TD;) ‘oscillate’
around their initial positions under the same condition. Zeroing of the Pockels coefficients in
Egs. (24)—(26) implies that the system of Egs. (26) has only four solutions corresponding to the
central TD (the strength equal to —1/2) and the three lateral defects with the strengths +1/2 (see
Fig. 13b). This means that, in the hypothetical case of 7|, = r,; = 0, the central defect of the integer
strength available in the crystals belonging to the symmetry group 3 is always divided into four
defects with half-integer strengths.
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Fig. 13. Spatial maps of the angle of optical indicatrix orientation simulated for the crystals belonging to the
point symmetry group 3 in the case when a conically shaped electric field (U = 40 kV) is applied along the [001]
axis and light propagates in the same direction: panels (a) corresponds to the combined action of the
electrooptic Pockels and Kerr effects and panel (b) to the pure Kerr effect (U = 10 kV).
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Fig. 14. Dependences of coordinates of the lateral TDs on the electric voltage applied to the crystals that belong
to the point symmetry groups 3.

3. Conclusions

We have studied the behaviour of TDs of the optical indicatrix orientation under the conditions

when the electrooptic Pockels and Kerr nonlinearities coexist in the cubic, hexagonal, trigonal and
tetragonal crystals and a conically shaped electric field is applied to those crystals. This is
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continuation of the studies initiated in Ref. [1]. The processes of birth, addition, division and
annihilation of the TDs of optical indicatrix orientation are observed under varying electric field.
These processes are accompanied by the topological reactions at which the conservation law for
the strength of TDs holds true.

In general, the behaviours of the TDs can be described by the following four scenarios.

1. In the crystals of the point symmetry groups 43m and 23 (the field direction [111]) and
the point symmetry groups 6m2, 6 and 32 (2 || X) and 3m (m L Y) (the field direction [001]), the

electric field gives rise to a birth of three pairs of lateral TDs and appearance of a single central
TD. The lateral defects are characterized by half-integer strength values and the opposite signs of
those strengths within the pairs. The central defect has half-integer strength, too. When the electric
voltage increases, the lateral TDs move in different manners: three of those TDs move out of the
beam cross section and the remaining three towards the centre of the beam. When the Pockels
coefficients of the crystals belonging to the symmetry groups 43m, 23, 6m2 and 6 tend to zero,
the latter defects are added or annihilate pairwise, with consequent appearance of a central defect
having the integer strength equal to one. On the other hand, zeroing of the Pockels coefficients in
the crystals that belong to the symmetry groups 32 (2||X) and 3m (m L Y) gives rise to four TDs

having half-integer strengths (a central TD and three lateral TDs). These defects do not change
their positions with increasing voltage. They exist due to relatively low symmetry of the trigonal
crystals.

2. In the crystals belonging to the point symmetry groups 43m, 23 and 4, two lateral defects
with half-integer strengths exist under conical electric field applied along the [001] direction. In
the presence of both the Pockels and Kerr effects they have the same strength signs. These defects
move towards the centre of the beam cross section with increasing voltage, though they reach it
only when the Pockels coefficients become zero. In the latter case, due to the topological reaction
of adding of TDs, the central defect acquires the integer topological strength equal to one.

3. In the crystals belonging to the point symmetry groups 32 (2||Y) and 3m (m L X), the
electric field imposes a birth of three pairs of TDs and, additionally, a single central TD exists.
The lateral defects are characterized with half-integer strength values and the opposite strength
signs within the pairs. The central TD has also half-integer strength. Like in one of the cases
described above, increasing voltage induces a complex motion of the lateral defects: three of them
move out of the beam cross section and three towards the beam centre. It is important that, at some
specific electric voltage, they reach the centre of the beam cross section, thus creating the central
TD with the strength equal to +1. The explanation of this effect is given by the topological reaction
Poot po1 T pro2+ po3=—1/2 +1/2 + 1/2 + 1/2 =+1. In this process the two defects are added
together and the other two annihilate. When the voltage increases further on, a process of division
of the central TD is observed: it is divided into four defects, a ‘new’ central one and three lateral
TDs having the strengths +1/2. These lateral defects move gradually out of the centre with
increasing voltage. Disappearance of the Pockels effect imposes appearance of four defects with
half-integer strengths, a central TD and three lateral ones. These defects do not change their
positions with increasing voltage.

4. In the crystals belonging to the point symmetry group 3, conically shaped electric field
leads to appearance of seven TDs of optical indicatrix orientation: a central defect and three pairs
of the lateral TDs (TD; and TD*,, TD, and TD*,, and TD; and TD*;). The central TD has the
strength —1/2 and the strength magnitude of the lateral TDs are half-integer, with the opposite
signs within the pairs. The lateral pairs of TDs appear due to the topological reaction of defect
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birth, while the central one arises due to axial symmetry of the conical electric field. With
increasing voltage the defects with the strengths —1/2, which are located further away from the
centre (TD*,, TD*, and TD*;), leave the beam cross section. On the other hand, the similar TDs
closer to the centre (TD,, TD,, and TDs) ‘oscillate’ around their initial positions with increasing
electric voltage. When the Pockels coefficients tend to zero, four defects come to existence. These
are a central TD with the strength —1/2 and three lateral TDs with the strengths +1/2. These defects
appear due to the topological reaction of division. Namely, the central defect with the integer
strength is divided into the four defects with half-integer strengths as soon as the conical field is
applied. The latter process is conditioned by low enough symmetry of the trigonal crystals.
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Anomauyin. Y pobomi oOocriodxceno nosedinky mononoziynux OJegexmie (T/]) opienmayii
ONMUYHOI THOUKAMPUCU NpU CRIBICHYBAHHI eeKMPOONMUYHUX HeNIHIIHOCMell KepiBCbKo2o |
NOKENbCIBCbKO20 MUNIB y KPUCMANAX, WO HANeHcamsb 00 KYOiuHOl, 2eKCA20HANbHOT, MPUSOHATLHOT
i mempazonaneHoi CUH2OMIL, 34 YMOGU NPUKAAOAHHA KOHINHO20 €NeKMPUUHO20 MO 83008IC
207108HUX  Kpucmanozpagiynux i/abo onmuunHux oceil. Busaenewo, wo 3a 3eadamux ymos
peanizyromoca  MononociyHi  peakyii, AKi CYNpOBOONCYIOMbCA HAPOOIHCEHHAM, O000ABAHHAM,
nooinom i amicinayicio TJ] opicumayii onmuunoi inouxampucu. Ilokaszano, wo 3a yux
MONONO2IYHUX peakyiti GUKOHYembcs 3aKkoH 30epedcenns cunu 1/, a nosedinky TJ[ mooicna
BUHEPNHO ONUCAMU YOMUPMA PISHUMU CYEHAPIAMU.
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