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Abstract. We introduce a figure of merit describing the efficiency of SAM-to-OAM
conversion in single crystals subjected to mechanical torsion. It is shown that the
figure of merit is defined by the effective piezooptic coefficient of optical material
and its refractive index. We derive the effective piezoptic coefficients for the
crystals of different symmetry groups and show that, among the well-studied
crystalline materials, the highest figure of merit is peculiar for the SAM-to-OAM
conversion occurring in LiNbOs, f-BaB,0, and a-BaB,0, crystals.
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1. Introduction

Recently we have shown that the optical vortices with unit topological charges can be generated
using torsion of solid crystals, when a crystalline sample is placed between crossed circular
polarisers [1]. A torsion moment applied to the crystals containing three-fold symmetry axes [2]
creates a peculiar distribution of optical indicatrix around the torque axis, which finally leads to
formation of a helical mode in the emergent light beam. Axial distribution of the optical indicatrix
in crystals subjected to the torsion stresses is quite similar to distribution of director orientation in
so-called g-plates [3] typically used for a spin-to-orbit angular momentum (SAM-to-OAM)
conversion.

In single solid crystals, such a distribution of the eigenvectors of optical impermeability
tensor appears due to a piezooptic effect, which is induced by the shear stress components

o, =0, and 0,, =0, occurring under torsion around a Z axis. Then the efficiency of the SAM-

to-OAM conversion should depend on the piezooptic parameters of crystals. Let us notice that the
efficiency of the SAM-to-OAM conversion represents a very important parameter, especially for
the crystalline materials which can have separate areas of application, when compared with the
g-plates based on liquid crystals. For example, solid crystalline materials possess wider ranges of
optical transparency, higher optical damage thresholds and wider ranges of temperature stability,
when compared with the liquid crystals. The present work is aimed at deriving a figure of merit
describing the SAM-to-OAM conversion and selecting the most efficient crystals for generation of
doughnut modes.

2. Results and discussion

Let us analyse the appearance of the OAM in the outgoing beam propagating through a system
consisting of a right-handed circular polariser, a sample subjected to a torque moment, and a left-
handed circular analyser. The phase front of the incident beam with the radius p = R is taken to be
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approximately plane, while the SAM of the incident photons is equal to $ =— /4. The component
of the electric field of the incident beam may be presented as

Al 1 A i i 1
Eout (p,ﬁl’) — Ea COS#{ :|+iEa sin#e‘*’ﬂq(ﬂ‘*ﬂan |: :|, (1)
1

+i

i
where 2g = m = 1 is the number of helicoidal lobes, AI' the phase difference, £, the incident plane-
wave amplitude, ¢, the angle of optical indicatrix orientation at ¢ =0, E® ( p,go) the outgoing
wave amplitude, and p and ¢ imply the polar coordinates. The first term in r. h. s. of Eq. (1)
describes the outgoing wave with the plane front and the same SAM value as for the incident wave
(i.e., — /1), while the second term describes a helical mode bearing the OAM (see [3]). Basing on

the requirement of conservation of the total angular momentum, one can write out the relation for
the angular momentum transformation:

Jr=J"+ M, ()
where J"=S8""=—h is the total angular momentum for the incident photon,

JO =" 4 8% = Dqh+h=0 the total angular momentum for the outgoing photon

(8% =+h,[”" =-2gh), and L” the OAM for the outgoing photon. Thus, the mechanical

angular momentum transferred to the medium due to the Beth effect [4] is equal to M = — A.

However, Eq. (2) based on the requirement of angular momentum conservation is written
under the condition of AI' = z, though the phase difference depends on the module p in our case. It
is therefore necessary to account for the fact that the dislocation-free wave described by the first
term in the r. h. s. of Eq. (1) with the SAM equal to — 7 also exists in the light beam emerging a
sample. Then the efficiency of the SAM-to-OAM conversion should be written as

n=1p/1re. 3

where 1" is the intensity of the right-handed incident wave and I the intensity of the left-

handed outgoing wave. While calculating the intensity of the outgoing wave, let us use the Jones
matrix approach. The cross section of a sample is divided into 3600 (60x60) elementary, optically
uniform cells. The resulting Jones matrix for each elementary beam (k, /=1...60) acquires the
form
(e"Ar“/2 cos® ¢H 4+ 2 sin? Cé") isin(AT" /2)sin 2¢ 5
Tkl — , (4)
isin(AT" /2)sin2¢ ¥ (e'“"’/2 sin? ¢ + e 72 cos? g;’,)

2M,
TR*

v _2M,

where ol = “(k=-30)x107, o (I-30)x10", Ar¥ =27d,An,.,. /A, and
4 5 R4 z X'y
T

1 o, . . . . e
i =Earctan—4kl (with An,.,. and ¢ being respectively the induced birefringence and the
Os
optical indicatrix rotation — see [2]). Here the X'Y'Z' coordinate system coincides with the
principal axes of the Fresnel ellipsoid in the case of optically uniaxial crystals, and it is rotated
with respect to the crystallographic system of the cubic crystals in such a way that the Z' axis is

parallel to the [111] direction. The components of the Jones vectors of the outgoing and incoming

waves are E), E; and E', E} , respectively.
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The Jones matrices of the orthogonally rotated quarter-wave plates are respectively 72”7~ and
79" " whereas the Jones matrix of the analyser is 7. Thus, one can write

Kl
E _ AOWP—p Kl QWP+ E ’ 5)
Eéd Ey
where
4 (0 0
El = 1, E2 = 0, T = s
0 1
N W I ©
—e —e —e —e .
TOWP~ _ 2 V2 TOWP+ _ V2 2
I I N
—e —e —e —e
V2 2 V2 2
Finally, the phase difference for each of the elementary beams is given by

Im EX Im EX
@M = arctan o lkl —arctan m ?d . @)
Re E] Re E;

Notice that here the phase difference means a difference of phases of linearly polarised waves
with the polarization vector directions parallel to the directions of light wave oscillations in the
linear polarisers (i.e., the intensity of the wave with the polarization parallel to the direction of
oscillation in the first polariser in the outgoing beam is equal to zero). Using Eq. (5), one can write

Kkl
out the relation for the intensity ([ ; ”t) of the elementary beam propagating through the optical

system at the point with the coordinates & and / in the XY plane:
Kl 2 2
) <[ et ®

where Elkl and Eé‘l are the components of the Jones vector of the outgoing elementary beam with

the coordinates k and /.
For numerical calculation of the SAM-to-OAM conversion efficiency, we have divided the
beam into the same kx/ (k, [=1...N) elementary beams, while the intensity of the incoming wave

has been chosen to be equal to 1 =1. Hence, Eq. (3) may be rewritten as

ii(ﬁom )kl

k=11=

—

n= ©)

N2

It follows from the symmetry conditions [2] that the OAM can be generated under torsion of
crystals that have three-fold axes, while the torque-moment axis and the wave vector of the
incident wave should be parallel to these axes. Only in this case a canonical vortex can be
generated, with the appearance of purely screw dislocation in the wave front. Such crystals should
belong to the point groups of symmetry m3m, m3, 23, 432, Z3m, 3m, 3m , 32, 3, and 3.
Following from this condition, we have studied the crystals belonging to the above point
symmetry groups, for which the necessary piezooptic parameters are known form the literature.
For our best knowledge, LiNbO; [5], a-BaB,O, [6] and p-BaB,O, [7], quartz [8],
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hexamethylenetetramine [9], NaCl, KAI(SO,4),%12H,0 [9] and lead germanate [10] belong to this
group of crystals.

The group could be divided into four piezooptic subgroups: (1) m3m, 432 and 43m; (2) 23
and m3; (3) 3m, 3m and 32; and (4) 3 and 3. These subgroups differ by their piezooptic tensors.
In case when the torsion moment is applied around the optic axis in optically uniaxial crystals or
around the [111] direction in the cubic crystals and the optical beam propagates along the same
directions, the induced birefringence is determined by the formulae [2]

22w = =M 2M N\ +nll ey .
Aan, - \/_}’lo (77113 7;4: 7712) Z X!Z +Y72 , AI’ley - 0"z 414 15 Xlz + 2 , with
T
o1 1+/3 1-43 .1 1-3 1+4/3
Ty 25(7711 —Ty)— 6 Ty — 6 Ty and s z_g(”n —Ty)+ 6 7T, + 6 Ty s

NX?+Y? and An, =2n M24
TR

third and fourth subgroups, respectively. All of these formulae are very similar and differ only by

Any, =2n, —% 7, L +m)(X?+Y?) for the first, second,

0

the value of the effective piezooptic coefficients. The relations for the latter coefficients are
presented in Table 1 for all of the piezooptic subgroups listed above.

We have also obtained dependences of the efficiency of the SAM-to-OAM conversion on the
torque moment. This has been done for cylindrical crystalline samples with the cylinder radius
equal to R =2.5 mm and its length d = 15 mm. The other parameters in need, such as the ordinary
refractive index (n,) and the optical wavelength (1) are presented in Table 1. For the trigonal
crystals, the axis of the torsion moment and the wave vector are parallel to the optic axis, while in
the cubic crystals to the direction [111]. The torsion moment M7 has been changed in the region of
0-0.2 Nxm. As a result, we have obtained the dependences for all of the above crystals (see
Fig. 1). As seen from Fig. 1, the efficiency reaches the values as high as 77 ~80% under the

torsion moment ~ 0.06 N x m.
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Fig. 1. Dependences of efficiency of the SAM-to-OAM conversion upon the torsion moment
for different crystals.

The maximum 7 values that can be reached in the crystals under consideration are collected

in Table 1. As shown in the wok [11], the presence of natural optical activity leads to decreasing
efficiency of the SAM-to-OAM conversion. It is indeed seen from Table 1 and Fig. 1 that the
optically active crystals such as SiO, and PbsGe;0,; reveal comparatively low 1 parameters.
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Table 1. Parameters defining the efficiency of SAM-to-OAM conversion under crystal torsion.

Crystal Piezooptic . eff Wave- Refrac- n, My, g
(point coefficient m;, Relation for 77 iu length tive a. u. Nxm 10712
symmetry (1072 m?*N) and A, nm index n, m*/N
group) gyration tensor
component
LiNbO3 ﬂ;’ff =m4=0.887 T4 632.8 2.28647 0.8 0.06 10.6
(3m) g (5]
[-BaB,0, 72-;/[7 =m4=-2.0 T4 632.8 1.6712 0.8 0.07 9.3
(B3m) 7]
a-B_aB204 71-{_6{ =m4=177 T4 632.8 1.6738 0.8 0.08 8.3
(3m) [6]
SiO, ﬂ-l_@:f =m,=-0.11, T4 589 1.5442 | 0.0003 0.2 0.4
(32)

g3 =12.9x107 [8]

PbsGe;0y; off 2 2 P P 632.8 2.115 0.16 0.2 33
(3) ﬂf,{tf =\/7T14 + 735 \/”14 + 735
~0.35[10],
23 =4.02x107 [8]
NaCl m = 1.27, \/E 589 1.5443 0.1 0.2 0.8
(m3m) T = 2.58, —X
44 =—0.84 9], 3
71';{{ =-0.22 (70, = T4y — 701
KAI(SOy),x Ty =2.43, 2 2 % 589 1.4564 0.8 0.11 5.6
12H,0 1 = 6.66, Vg 70
(m3) a1 = 6.99,
T4y = -0.55 [9],
ml =1.82
hexame- m = 11.95, \/5 589 1.591 0.8 0.08 7.7
thylene- = 8.42, —X
tetramine 744 =7.56 [9], 3
(43m) ﬁfif =-1.9 () = Tyy —7015)
. o 1 1+3 1-3 | 1-/3 1+4/3
Ty :g(ﬂll_ﬂ-M)_ 6 Ty — 6 7, and 7/ :_g(”n_ﬂm)"' Ty, 6 Ty

For a particular case when the beam propagates through a system of orthogonal circular
polarisers and a crystalline sample subjected to a torque moment is placed in between, Eq. (8) may

(1) = (1) sin? (AT (10)

under the condition that the induced phase difference for each beam is constant. Then the
efficiency of the SAM-to-OAM conversion given by Eq. (9), with accounting for the relations for

be written as

the effective piezooptic coefficient (see Table 1), is determined as follows:

ZZsinz(WizA];lf\/X2+Y2j

X Y

n= ; )

N2

X +Y <R

where W = nSﬂfﬁ is the parameter that defines the efficiency of the SAM-to-OAM conversion
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(i.e., the figure of merit of the SAM-to-OAM conversion) and ﬁl-eg ‘ represents the effective

piezooptic coefficient. As a consequence, searching for efficient materials for the SAM-to-OAM
conversion occurring under crystal torsion is reduced to searching for crystalline materials with the
trigonal or cubic symmetries, which reveal high figures of merit /. We have found that the highest
figure of merit for the crystals under consideration is typical for the lithium niobate (see Table 1).
A comparable W coefficient is peculiar of the borate crystals (e.g., f-BaB,0, and a-BaB,0,), as
well as hexamethylenetetramine and KAI(SO4),%12H,0 crystals. Notice also that the borate
crystals are resistant to high-power optical radiation and. moreover, they are transparent in the
deep ultraviolet spectral range.

Conclusions

In the present work we have introduced a parameter that determines the efficiency of SAM-to-
OAM conversion associated with the torsion of single crystals. This figure of merit is given by the

formula W = nS ﬂf{{ “and is given by the effective piezooptic coefficient of optical material and its

refractive index. We have derived the effective piezoptic coefficients for the crystals of different
symmetry groups. We have also shown that the highest figures of merit for the SAM-to-OAM
conversion are typical of the LiNbO;, f-BaB,0, and a-BaB,0,, hexamethylenetetramine and
KAI(SO,4),%12H,0 crystals. Nonetheless, from the technological point of view the best materials
for such optical applications are LiNbOs3, f-BaB,0,4 and a-BaB,0, crystals.
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Anomauyia. B pobomi ompumano roeghiyienm saxocmi, AKul onucye egexmugHicmv CHiH-
opOimanvbHo20 nepemeopeHts 8 MOHOKpUCmanax nio 0iero mexaniynozo kpyuenusa. Iloxkasano, uo
Oanuul  Koe@iyicnm SKOCMI  BUHAYAEMBCS  eQEeKMUSHUM N €300NMUUHUM — KOeqiyieHmom
mamepiany ma 1020 NOKA3HUKOM 3aniomieHHss. Ompumani epekmueni n’ezoonmuuni koegiyicumu
01 Kpucmanie, sKi Haxexcamv 00 PI3HUX epyn cumempii i NOKA3aHO, WO ceped GUBYEHUX
KPUCMANIYHUX MAMepianié HAusUWUM 3HAYEHHAM KoeqiyieHma sKocmi 60100il0mb KPUCMAIu
LiNbO;, p-BaB,0, ma a-BaB;0,.
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