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Abstract. An optical conversion of spin angular momentum to orbital angular
momentum (SAM-to-OAM) that appears in Bij;GeO, crystals under the effect of
conically shaped external electric field due to a Pockels effect has been studied both
experimentally and theoretically. We have revealed the appearance of a doughnut
mode and an optical vortex in the system consisting of a right-handed circular
polariser, a sample subjected to conical electric field, and a left-handed circular
analyser. It has been found that the presence of natural optical activity leads to
notable decrease in the efficiency of the SAM-to-OAM conversion.
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1. Introduction

The interest to real-time operation by an orbital angular momentum (OAM) of light beams is
caused by promising applications of this phenomenon in quantum computing, cryptography and
quantum teleportation [1-3]. The information can be encoded by multiplying a number of states,
since a photon can carry an arbitrarily large amount of information distributed over its spin and
orbital quantum states [4]. In addition, the OAM operation enables increasing number of
parameters by which optical beams could be modulated. More specifically, any information
transferred from a driving signal can be encoded not only into, e.g., phase, intensity, polarisation
or frequency of light, but also into its OAM. As a result, development of direct methods for the
OAM operation should lead to novel possibilities for applications of quantum properties of
photons. However, this is hindered by the problem of finding the appropriate material media for
real-time conversion of spin angular momentum (SAM) to OAM (abbreviated hereafter as a SAM-
to-OAM conversion).

Recently we have shown that the OAM can be efficiently operated using twisting of crystals
[5-9] or via a Pockels effect occurring in case when a conically shaped spatial distribution of
external electric field is created in a crystal [10, 11]. The last method allows for direct operation of
the OAM by electrical driving signals. We have demonstrated experimentally that an optical
vortex appears whenever a conically shaped electric field is applied to LiNbOj; crystals. It has also
been shown that, under crystal torsion, a pure screw dislocation of the phase front appears in the
crystalline materials belonging to the point groups of symmetry m3m, m3, 23, 432, 43m, 3m,
3m , 32, 3, and 3. We should also have the same effect when a conically shaped electric field is

applied to the crystals of the groups 3m, 32, 3, 6,and 6m2,23, and 43m.
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Notice that some of the symmetry groups mentioned above (namely, 23, 432, 32, and 3)
permit the existence of a natural optical activity. Hence a following reasonable question arises:
how does the natural optical activity affect the efficiency of the SAM-to-OAM conversion, for
instance if the vortex is being induced by the electric field via the Pockels effect? We are to
remind in this respect that the crystals permitting the appearance of the Pockels effect, on the one
hand, and the natural optical activity, on the other hand, belong almost to the same point symmetry
groups. The linear electrooptic effect and the natural optical activity coexist at least in the groups
23, 432, 32, and 3. The problem can be solved, for example, while analysing the simplest case of
cubic crystals as materials for operating the OAM electrooptically. These crystals are initially
optically isotropic. The condition of simultaneous availability of optical isotropy in all the
directions of light propagation, a notable natural optical activity and high enough electrooptic
coefficients are well met for Bi;,GeO, crystals which represent an efficient electrooptic material.

The aim of the present work is experimental and theoretical studies of electrooptically
operated SAM-to-OAM conversion in Bi;,GeO, crystals in the presence of optical rotation.

2. Experimental results and discussion

Bi,,GeOy is a well-known electrooptic crystal with the Pockels coefficient 7, =3.5 pm/V and the
refractive index n=2.55 for the light wavelength A =632.8 nm [12]. The crystal possesses a
notable optical activity (the specific optical rotation is equal to §=20 deg/mm [12]). Besides, the

crystal is photorefractive and so can be used for optical storage (see, e.g., [13]). The experimental
techniques employed while studying the optical indicatrix rotation and observing the helical mode
have been described in detail in our recent works [10, 11]. Here we will briefly remind only the
main relations that describe the Pockels effect appearing under the action of conically shaped
electric field.

The relation describing the Pockels effect is as follows:

AB; =r;E;, (1)

where AB; denote the increments of optical impermeability tensor, E; the electric field

components, and 7; the electrooptic tensor. Eq. (1) written in the eigen (crystallographic)

coordinate system for the Bi;,GeO, crystals belonging to the point symmetry group 23 may be
presented in the form

E E, Ej

AB |0 0 0

AB, | 0 0 O

AB;| 0 0 0 )
AB4 41 0 0
ABS 0 41 0

AB6 0 0 41

As shown in the work [10], a unique condition for producing the pure screw dislocation of
the phase front in cubic crystals appears when the conically shaped electric field is formed along
all of <111> directions and the optical wave propagates along the same directions (see [10, 11]).
Then it would be convenient to rewrite the matrix given by Eq. (2) in the coordinate system whose
Z' axis coincides with the direction [111]. In this manner one can arrive at the following nonzero
tensor components:
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Hy =13 = —hy = —rhy = =y = =1 =13 /2= =iy = —ry =1y = 1 =1y /N3 3)
The equation for the cross section of the Fresnell ellipsoid reads as
(B + 1y (Ex: = Eyo + Eg )X + (B =\ (Ex: = Ey: = Ez )Y =2y (Ex + Ey)X'Y' =1, (4)
while the spatial distributions of the optical birefringence and the angle of optical indicatrix
rotation are given respectively by the relations

23 [0 2 |23 P
AanYr :\/;n 7”41 EXV +EY' = En 7"41E0 ?Z N (5)

(X'+Y") _ cosp+sing

tan[%r—go) (or &, =3—ﬂ—£ . (6)

tan2¢, = —
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(X'-Y"H cos@—sing
Here E,=U/d, U stands for the electric voltage applied, d the thickness of a crystalline plate,

’ ’

VA
Ey =Ey—X'", Ey =Ey—Y", and the polar coordinate system has been introduced via
Yo,

standard relations X' = p'cosg and Y' = p'sing (see Fig. 1).

Fig. 1. Schematic representation of a crystalline plate with circular electrodes e, and e,, and a conical spatial
distribution of electric field produced by these electrodes (R =8 mm is taken for the radius of the larger
electrode and d = 6 mm for the sample thickness).

The experimental spatial distribution of the angle of optical indicatrix rotation induced by the
conical electric field in the Bi;;GeOy crystals is presented in Fig. 2. Here the undefined value of
the optical indicatrix rotation angle corresponds to the central part of the map (i.e., to the

coordinates X' =-0.53 mm and Y'=-0.34 mm ). The rotation angle gradually changes its value
from 0 deg to 180 deg when the tracing angle ¢ is changing from 0 deg to 360 deg, due to

rotation around the origin. Obviously, the orientation of azimuth of the polarisation ellipse for the
light emerging from the sample follows the orientation of the principal axes of optical indicatrix,
i.e. it rotates by the angle  =180deg when the tracing angle changes its value by A¢ =360deg.
The change in the azimuth orientation of the polarisation ellipse equal to 180 deg corresponds to
the change by 360 deg for the phase of the light wave, as a consequence of the relation
P=ndAn/A =AI'/2. Thus, the screw-like spatial distribution of the optical indicatrix rotation

observed around the vortex core is a strong argument for appearance of dislocation of the phase
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front and, hence, a helical mode. On the other hand, the map of the optical indicatrix orientation in
the XY’ plane is characterised by a topological defect with the strength equal to % (the optical
indicatrix rotation angle is twice as smaller when compared with the tracing angle), so that the
vortex transferred by the outgoing beam should be characterised by the OAM equal to unity.

U=9kV ¢, deg
2+ 0

15

180

2 ' 0 2
X, mm

Fig. 2. Experimental distribution of optical indicatrix rotation angle induced in the Bi;;GeOy crystals by the
conically shaped electric field (the electric voltage U =9.0 kV and A =632.8nm ).

(a)

Fig. 3. The view of a helical mode induced in the Bi;;GeOy crystals by the electric voltages
6 kV (a) and 9 kV (b).

(b)

The intensity distribution observed for the beam emerging from the optical system that
containes sequentially a right-handed circular polariser, a crystalline sample under conical electric
field, and a left-handed circular analyser is shown in Fig. 3. The distribution given in Fig. 3 is
typical for the optical vortex: a dark central part is surrounded by a bright ring. However,
comparatively long-term application of the voltage combined with illumination of the sample by
optical radiation ( A = 632.8 nm ) leads to smearing of the doughnut mode, the effect clearly visible

in Fig. 3b. Most probably, this process is caused by a photorefraction effect accompanying spatial
redistribution of photo-induced charges.

174 Ukr. J. Phys. Opt. 2011, V12, Ned



On the spin-to-orbit

The X'Y' intensity distribution for the outgoing beam can be calculated using Jones
matrices. Since the birefringence depends on all the coordinates X', Y’ and Z', it is convenient
to divide our sample into n homogeneous layers perpendicular to the Z' direction. In its turn, each
of the layers is divided into kx/ homogeneous elementary cells in the X'Y" plane. In practice, we
have used a division given by k=100, /=100, and n,,, = 1+100. Now one can use a standard
Jones matrix approach for simulating the electrically induced phase difference. Here we assume
that the linear birefringence is not induced by the electric field in the spatial domain lying out of
the electric force lines limited by a cone (see Fig. 1). Then the sample should be divided into the
two parts: the first one (inside the cone) is characterised by an elliptical birefringence, whereas the
second (out of the region limited by the cone) reveals the pure optical activity and so a circular
birefringence only. The resulting Jones matrix for the first part of the sample can be written as

elllpt HJU 4 (7)

where
ry ATY i " i " ,
cos—-+isin cos 2« cos 267, sin—sin 2k}, +isin—2cos 2« sin2¢7
Ji — 2 2 2 2 . ()
" i i ATV ATV
n o i,
sin 2« +isin

. _jsin

si n i sin 2 n ij ij
sin cos2ky sin2g, , cos cos 2k, c0s 2 ,

The phase difference for each elementary cell is equal to
1/2

2rd) d’f \/ +Yp 2
AT =2 —n 1t E, , 9)
41 0
Yr2 Z/2 T

while the ellipticity of the eigenwaves is determined by

[\ 2 2
“Anyy +NAnyy +83 (10)

K = —arctan

&3
. 4. 1 X, +Y; . .
Here AT and 4’:{ g = 2 arctanX—Y’] represent respectively the phase difference and the
iThj

angle of optical indicatrix rotation within the elementary cells, g3 = 6An/x is the gyration tensor
component, and d 7 the thickness of the cell along the direction of light propagation.

The Jones matrix J7 circ for the second part of the sample is determined by Eq. (8) under the

28d\ X2+ Y} i

conditions AI'V = T’ K7 = Z, g i =0. Thus, the resulting Jones matrix becomes as
IV = T * S (1n
while the resulting phase difference may be written as
AT = 2arccos(Re(JY)) , (12)

with Jf"'1 being the component of the Jones matrix.
As a result, we have
i
(Elu\ JA JOWP~ 1ij JOWP+ [E) (13)
Ej E,
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where

0
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Here E;, E, and EIU , Eg are the components of the input and output Jones vectors,

respectively, and J WP JO"P+ and J* the Jones matrices of the quarter wave plates rotated by

190 deg and the analyser, respectively. The resulting intensity for each of the elementary beams is
determined by the relation

(£ £V

ii out _
(I )lefthanded LEEJJ LEU*J
2

One can characterise the incident beam as a nearly plane wave, with the SAM equal to

(15)

$™¢ = _p . Then the electric field of the emergent light is as follows:

' 1 ! . . 1
Eout (p,’ g0) — EA cos Ar(p ) |:+ :l + lEA sin Argp ) eiqu(pilzau l: :l , (16)
'}

2 Fi
where 2¢g =m =1 is the helicity number and E, the wave amplitude. The first term in the r. h. s.

of Eq. (16) describes the plane wave with the same SAM as in the incident one, while the second
term corresponds to the doughnut mode possessing the helical wave front that carries some OAM
(see [14—17]). Since the angular momentum must be conserved, one can write the following
relation for the SAM-to-OAM conversion:

Jinc — Jout +M , (17)

where J™ =8" =_p is the total angular momentum of the incident photon,

JOU =" 4§ = 2gh+h=0 the total angular momentum of the emergent photon

(8 =+h, I™ =-2gh), and [* the OAM of the latter. The mechanical angular momentum

transferred to the crystalline sample due to the Beth effect [18] is therefore equal to M =—#.
Notice that the above relations which reflect conservation of the angular momentum have been
written under the condition AI" = 7, though the phase difference can really depend on the module

p' . In this case one should take into account that the plane wave described by the first term in the

r. h. s. of Eq. (16), with the SAM equal to -7, also emerges from the sample. Then the efficiency
of the SAM-to-OAM conversion should be defined by the ratio

Lifihanded
efthande:
n= inc ’ (18)
righthanded

where Zléfhthanded is the intensity of the right-handed incident wave and /;ffnqeq that of the left-

handed outgoing wave.
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We have found that the efficiency of the SAM-to-OAM conversion calculated on the basis of
Eq. (18) and the appropriate literature data for the electrooptic coefficient, refractive index and the
optical rotation, is equal to 0.6% at the voltage of 6 kV (see Fig. 4a). It is worthwhile that, at the
same conditions, the efficiency of the SAM-to-OAM conversion would be equal to 6.7% without
accounting of the natural optical activity. This is an order of magnitude higher than the figure
mentioned before (see Fig. 4b). The corresponding spatial distributions of the phase differences are

presented in Fig. 5.
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Fig. 4. Calculated intensity distributions of doughnut mode appearing in the Bi;,GeO,, crystals under the voltage
6 kV: (a) with taking the natural optical activity into consideration, and (b) with no consideration of the effect

(A=632.8nm).
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Fig. 5. Calculated maps of phase difference induced in the Bi;;GeO,q crystals by the voltage 6 kV: with taking
the natural optical activity into consideration, and (b) with no consideration of the effect (A =632.8 nm ).

Hence, the natural optical activity should lead to essential decrease in the efficiency of the
SAM-to-OAM conversion. Besides, the efficiency of the SAM-to-OAM conversion can depend
upon the electric voltage applied and the sample thickness along the Z' direction. The
dependences of the efficiency on the sample thickness simulated for the Bi;;GeO, crystals at
different electric voltages are displayed in Fig. 6.

As seen from Fig. 6, the maximum efficiency is achieved for the sample thickness of
d =2.5mm if the optical rotation is present and d =5.0 mm if it is absent. Notice that the

sample thickness corresponding to the maximum efficiency of the SAM-to-OAM conversion is
almost independent of the electric voltage. At the same time, the efficiency 7 itself does depend
on the voltage applied. For the voltages as high as 12 kV, it reaches the value of 5.3% in the
presence of optical rotation, and 22.7% in the absence of the effect.
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Fig. 6. Calculated dependences of efficiency of the SAM-to-OAM conversion occurred in the Bi;;GeOy crystals
on the sample thickness at different voltages applied: triangles and circles correspond respectively to
accounting for the natural optical activity and disregarding the effect (A =632.8nm and R = 8 mm).

3. Conclusions

In the present work we have revealed experimentally the SAM-to-OAM conversion in Bi;;GeOy
crystals appearing under the conically shaped electric field due to the Pockels effect. It has been
shown that the vortex of a unit charge appears in the optical system that includes the right-handed
circular polariser, the crystalline sample under the conical electric field, and the left-handed
circular analyser. We have found that the natural optical activity imposes decreasing efficiency of
the SAM-to-OAM conversion. In case of the Bi;;GeOy crystals, the latter decreases almost four
times for the voltage 12 kV.

Besides, we emphasise that the spatial intensity distributions of the type presented in Fig. 4
can be used in order to measure the electrooptic coefficient 7,;;, whenever all the other parameters

involved in Eq.(9) are known in advance. The procedure should be similar to that used for
measuring the piezooptic coefficients under crystal torsion, as described in the study [19].
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Anomayia. B pobomi excnepumeHmanvHO mMa MeOPEMUYHO OOCHIONCEHO NepPemeopeHHs
ONMUYHO20 CNIHOB020 KYMO0B020 MomMenmy 6 opoimanvhuil kymoegui momenm (CKM-OKM), sxe
sunukano 6 kpucmanax Bi;,GeOyy nio 0i€to 306HIUHbO20 KOHIYHO2O eleKMPUYHO2O NOJIS, 3A80SKU
eexmy Iloxenvca. Buasneno uHukHenHs ,,0V01UK0601” MOOU | ONMUUHO20 BUXOPA 6 cucmeMmi,
AKA CKIA0anach 3 npaso 00epmaroyoco YUpKVIAPHO20 NOIAPUIAMOpA, 3pa3Ka nio0anoeo Oii
KOHIYHO20 eNeKMPUUHO20 NOs I i60 00epmaioyo20 YUpKyIApHo2o anarisamopa. Buseneno, wo
NPUCYMHICMb  NPUPOOHOI ONMUYHOI  AKMUBHOCMI NPUBOOUMs 00 CYMMEBO20 3MEHUIEHHS
egpexmusnocmi CKM-OKM nepemeopenns.
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