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Abstract. 

We study the structure of l = 1 modes in strongly elliptical coiled weakly guiding 
optical fibres. We establish analytically the expressions for the modes and their 
polarization corrections. We show that, at certain parameters of the fibre helix, 
the l = 1 modes are represented in the local Frenet frame by uniform elliptically 
polarized fields. We demonstrate that the modes turn into circularly polarized 
fields if the coiling-induced perturbation becomes larger than the intrinsic spin-
orbit coupling. In this case the propagation constants comprise geometrically in-
duced terms proportional to the spin angular momentum of the mode and a topo-
logical phase appears in the system. We show that the presence of such a geo-
metric phase exhibits itself in the rotation of polarization plane of LP mode ex-
cited in the fibre. The rotation angle is found to be equal to the solid angle sub-
tended by the coil. 
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1. Introduction 

Coiled optical fibres hold a special place in modern optics in connection with demonstra-
tions of topological phase effects in the optical systems. Historically, the first and the 
most easy-to-grasp (though not easy-to-interpret) example of the presence of Berry’s 
topological phase [1, 2] has been provided be Tomita and Chiao [3]. In their classical ex-
periment they have demonstrated that a linearly polarized light, being transported along a 
coiled single-mode fibre, changes the direction of its polarization in the local frame of 
reference connected with the fibre. The angle between polarizations of the input and out-
put beams has been found to be equal to the solid angle subtended by one coil of the fibre. 
Simultaneously, it has been shown that the effect is associated with the evolution of pho-
ton momentum in the momentum space [4]. On a classical level, this effect has much in 
common with the well-known rotation of oscillation plane of the pendulum transported 
along a closed trajectory over a sphere [5], the polarization plane playing a role of the 
oscillation plane in this analogy. Although the first explanation of the mentioned effect 
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has involved quantum-mechanical language [5], it has been argued that its nature has a 
purely classical geometric origin [6, 7]. 

Later on, such the topological rotation has been demonstrated for the images trans-

ported along curved spatial trajectories [8, 9]. An analogous topological effect has been 

discovered by Kataevskaya et al. in coiled fibres [10]. In this case the geometric phase 

manifests itself through a rotation of speckle patterns. However, until quite recently, it 

has not been realized that those image rotations are closely linked with a special kind of 

Berry’s phase related to the beam with non-zero intrinsic orbital angular momentum 

(OAM), namely, optical vortices (OVs) [11, 12]. Generally speaking, OAM-connected 

Berry’s phase is inherent in any fields that possess the OAM. To the best of our knowl-

edge, the presence of such a type of topological phase has been demonstrated for quantum 

scalar-field vortices transported along trajectories with non-zero torsion [13]. For vecto-

rial fields, such the spatial evolution of vortices is also accompanied by appearance of 

another type of topological phase linked to spin angular momentum (SAM) inherent in 

vectorial fields. This type of Berry’s phase takes place for circularly polarized OVs (ab-

breviated as CVs) , lσ , where 1±=σ  denotes the polarization state and l  stands for 

the orbital number of the vortex (its topological charge [14]). As has been first shown by 

Bliokh [15], upon evolution along a curved trajectory in the empty space, the OV , lσ  

acquires an additional phase, whose value Bγ  is determined by 

Ω+−= )( lB σγ ,       (1) 

where Ω  is the solid angle subtended by the wave-vector trajectory in the momentum 

space. This expression naturally generalizes the Berry’s result ( Ω−= σγ B ) to the case of 

photons with OAM. It should be specially noted that we have 0≠σ  in Eq. (1), which can 

be attributed to non-zero value of the SAM of photons. Later this expression has been 
confirmed for the OVs propagating in the coiled few-mode optical fibres [16]. Quite re-
cently, it has been demonstrated that one can implement the situation of scalar-field OVs 
in anisotropic coiled fibres, where the spin component of the total angular momentum 
(AM) is in effect suppressed by material anisotropy [17]. In this case the Berry’s phase 

B lγ = − Ω  arises solely due to intrinsic OAM of the vortex beam. 

Along with changes in the topological phase, the physical manifestation of topologi-

cal effects connected with this type of geometric phase changes, too. For the OAM-

bearing beams this phase manifests itself not only through polarization rotation [16], but 

also as a rotation of intensity patterns at the output fibre end [16, 17]. Exactly this type of 

topological effects has been reported in [8–10], which is also in compliance with theoreti-

cal predictions made in [15]. It should be emphasized that the presence of these effects 

depends on the AM of partial OVs, which the beam consists of, rather than on the total 

AM. 
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The researches have revealed that the presence of topological phase in coiled fibres 

is closely related to the mode structure of those fibres. For example, in the ideal coiled 

fibres, where the modes are represented by CVs, the geometric phase obeys the Bliokh’s 

relation given by Eq. (1) [16, 18]. In anisotropic  coiled single-mode fibres the topologi-

cal phase can be essentially suppressed by the anisotropy [6, 19]. The material anisotropy 

can also suppress the topological Berry phase connected with higher-order modes in few-

mode coiled fibres [17]. It is remarkable that the topological effects appear just at those 

values of anisotropy (i.e., perturbation), for which the fibre modes assume the structure of 

AM-bearing fields. To prove this indisputable connection between the AM and the topo-

logical phase, studying of other types of perturbed coiled fibres would be of interest. 

One of the most widely studied types of perturbed fibres is an elliptical fibre [20]. As 

established in previous works, an elliptical deformation of cross-section of a coiled sin-

gle-mode fibre has the same effect on the mode structure as local anisotropy does [21]. 

Namely, it causes hybridization of dynamical phase (i.e., the one which would have been 

present in a straight elliptical fibre) and a pure geometric phase (see also [19]). This leads 

to “blurring” of topological effects in the perturbed coiled single-mode fibres. A funda-

mental nature of this effect has been exhaustively explained by Chiao and Wu [4]. Ac-

cording to their explanation, adiabaticity condition should hold for the propagation of 

photons in order to ensure implementation of the geometric phase. This means that the 

chirality of a given photon has to remain constant upon its propagation. For the straight 

single-mode elliptical fibres, as well as for the anisotropic ones, polarization of the beam 

changes along the fibre, and the photon chirality is not conserved [20]. Naturally, this 

should manifest itself in the perturbed coiled fibres through diminishing of the topologi-

cal effects. 

The situation proves to be quite different for higher-order modes of the perturbed 

coiled fibres. Quite counter-intuitively, for the regimes of large anisotropy the topological 

phase correction hybridizes with the terms induced by spin-orbit interaction (SOI), whose 

absolute values are much less in the order of magnitude than those of the anisotropy-

induced terms [17]. That is why the topological effects are easily observable in highly 

anisotropic fibres. In this respect it would be interesting to study the case of perturbed 

coiled fibre, whose local transverse cross-section is subjected to strong elliptical deforma-

tion. 

The aim of the present paper is to study the structure of 1=l  modes of the highly el-

liptical weakly guiding coiled optical fibres. We also investigate the topological effects 

connected with propagation of those modes along the fibre. We demonstrate that the 1=l  

modes are represented by elliptically polarized fields that bear intrinsic AM of a purely 

spin origin. We also prove that those modes turn into circularly polarized fields at some 

values of twisting parameter. In this case the propagation of modes along the fibre is ac-

companied by appearance of the topological phase, which resembles that present in the 

coiled single-mode fibres. 
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2. The model and basic equations 

Coiled fibres form a special class of optical fibres. Their main practical applications are 
related to the fact that geometrically induced corrections to the propagation constants of 
their modes are independent of external parameters such as temperature, etc. Theoretical 
researches have revealed that the fundamental modes of ideal coiled fibres are repre-
sented by circularly polarized fields [7, 22]. The perturbation effect on the mode structure 
of coiled single-mode fibres has been studied in [6, 19, 21]. Those studies have estab-
lished that the 0=l  modes of anisotropic and elliptical coiled fibres are given by locally 

elliptically polarized fields. As for the higher order modes, they have been studied only 
for the ideal coiled [16, 18] and anisotropic [17] fibres. 

Let us consider a helically 
wound fibre whose transverse local 
cross-section has an elliptic form 
(see Fig. 1). The geometry of coil-
ing is described by the offset R and 
the pitch H. The parameters of the 
deformation ellipse will be speci-
fied in what follows. Of course, 
any mode of a bent fibre represents 
rather a metastable state due to the 
presence of inevitable radiation 
losses [23]. However, in our model 
we will disregard such the losses, 
as well as the effects of mechanical 
stresses, which may cause various 
photoelastic phenomena (see also 
[17]). As is known, a monochro-
matic light in optical fibre is de-
scribed by the so-called vector 
wave equation [20], 

( )( ) ( ) ( ) ( )( )2 2 2 2, , , , , , ln , ,n x y z k x y z x y z n x y z= −∇ + ∇ ∇E E
� � �

,        (2) 

where ( )zyx ∂∂∂∂∂∂=∇ ,,
�

, λπ /2=k , λ  is the light wavelength and E  the electric 

field. The refractive index is conventionally written in the form 

( ) ( )( )2 2, , 1 2 , ,con x y z n f x y z= − ∆ ,                             (3) 

where  nco and ncl are the refractive indices respectively for the core and cladding and the 

height ∆  of the refractive index profile is 
2 2

22
co cl

co

n n

n

−∆ =  .                                          (4) 

 

 

Fig. 1. The model of a helical optical fibre with 
elliptical cross-section; H  is the pitch, R  is the 

offset, ( ), ,x y z  is the lab frame. 
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The profile function ( )zyxf ,,  determines the distribution of the refractive index. In 

this work we study weakly guiding fibres, for which 1∆ << .The term in the r. h. s. of 
Eq. (2) is usually called as a gradient one. Propagation of light in the coiled fibres may be 
studied by various methods, including the Mueller matrix formalism [24] and the Jones 
matrix technique [25]. One of them is solving the wave equation (2) using the local coor-

dinates. It would be natural to use the coordinates ( ), ,r sϕ  shown in Fig. 2 [22], where r  

and ϕ  are the polar coordinates in the fibre 

cross-section and s  the length of central 

line of the fibre.  
Analytically, elliptical deformation of 

the fibre cross-section can be introduced by 
a number of methods. The most wide-
spread technique for the straight elliptical 
fibres is passing to the elliptic coordinates. 
It involves complications on characteristic 
equation for the propagation constant and 
is preferable for the fibres with large ∆  
values. In the case of weakly guiding fi-
bres, the ellipticity is much easily intro-
duced via a simple coordinate transforma-

tion in )(rn
�

. According to this method, 

one should make the following change of 
variables in the function 

2 2( , ) ( )n x y f x y≡ +�  that describes the refractive index of ideal fibres [26]: 

(1 ),

(1 ).

x x

y y

δ
δ

→ +
→ −

                                                       (5) 

Here 1δ <<  is supposed to be the deformation parameter. It is associated with the 

eccentricity e  of the ellipse, on which the value of n  is constant, through a simple rela-

tion 

2

1
e

δ
δ

=
+

.                                                            (6) 

Under the transformation given by Eq. (5) the modified refractive index n~  of ideal 

fibre acquires dependence on the azimuth ϕ  and reads in the polar coordinates ),( ϕr  as 

2 2 22 cos 2co

f
n n r

r
n δ ϕ∂≈ − ∆ ⋅

∂

�

� ,                                         (7) 

where the tilde denotes an axially symmetric function. Note that for simplicity we use 
here the same notation for the polar coordinates as for the helical ones. As a matter of 
fact, introducing the ellipticity of a coiled fibre should imply using Eq. (7) for the refrac-

 

Fig. 2. Local helical coordinates ),,( sr ϕ  

in the Frenet frame τβ,ν, , where ν  is 

the unit vector of the principal normal, β  
is the unit vector of the binormal, τ  is the 
unit vector in the tangent direction. 
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tive index distribution, with the only exception that the variables in Eq. (7) should be 
treated as those of the helical coordinates. Now we are in a position to obtain the vector 
wave equation for the helical elliptical fibre. 

To recast Eq. (2) in the helical coordinates ( , , )r sϕ , one has to use their link with 

the Cartesian coordinates ),,( zyx  [27]: 

cos s cosφcos s sinφsin s,

sin s cosφsin s sinφcos s,

sin ,

x R K r K rv K

y R K r K rv K

z vs rRK ϕ

= − +
= − −
= +

                         (8)  

where ( )( )1 2222 2K H Rπ π= +  and π2/HKv = . Basing on the standard relation 

2 graddiv rot rot∇ = −A A A
�

, one can recast the term 2∇ E
�

 in Eq. (2) using the well-

known formulae of differential geometry [28]: 

1
div A

xG
ii

ii

G

g

 ∂=   ∂  
A ,                                          (9) 

( ) ki
kk ik

g g
x

∂Φ∇Φ =
∂

,                                              (10) 

( )rot ii n n
kn jni

j knn nn

g A A
g g

G x xg g

    
    

        

∂ ∂= −
∂ ∂

A ,              (11) 

where the metric tensor gij  for the helical coordinates reads as 

2 2

2
33

1 0 0

0

0
ijg r r

r g

υ
υ

 
 =  
 
 

.                                               (12) 

Here we have used the notations ( )2 2 2
33 1 cosg r rκ ϕ υ= − +  and det ikG g= , with 

( )
2

22

4

2

R

H R

πκ
π

=
+

 being the curvature of central line of the fibre and 
( )22

2

2

H

H R

πυ
π

=
+

 

its torsion. In the expression for curl one has )3,2,1(),,( =kji  and all their cyclic permuta-

tions. 

A standard simplification made in the case of weakly coiled ( 0 1r κ � , 0r  being the 

core radius) and weakly guiding ( 1<<∆ ) fibres is disregarding the longitudinal compo-

nent sE  (directed along τ ), when compare with the transverse one tE : t SE E>> . This 

enables disentangling the obtained rigorous equations into separate equations for tE  and 

SE . The resulting system in tE  proves to be translation invariant in s , thus allowing one 

to search for its solution in a factorized form: 
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( ) ( ) ( ), , , expt tr s r i sϕ ϕ β=Е e ,                                       (13) 

where β  is a propagation constant. After cumbersome calculations one can obtain a ma-

trix equation in the ket: 

( )
( )

,

,

r

h

e r

e rϕ

ϕ
ϕ

Φ ≡
 
 
 

.                                                  (14) 

It consists of the component of te  on the local basis ,r ϕn n , which is indicated by 

the subscript h.  
The desired equation looks as 

( ) 2
0

ˆ ˆ
h h

H V β+ Φ = Φ ,                                              (15) 

where  

( )
2 2

2 2
0 0 22 2 2 2 2

1 1 1 2ˆ ˆ ˆ ,
i

H k n r
r r r r r r

σ σ
ϕ ϕ

 ∂ ∂ ∂ ∂= + + − + + ∂ ∂ ∂ ∂ 
� ,         (16) 

with iσ̂  being the Pauli matrix. It is worth noticing that 0Ĥ  describes the propagation of 

light in an ideal straight fibre in the case if local basis of cylindrical-polar coordinates is 

chosen. The perturbation operator V̂  comprises the geometric effects, together with the 

effects of ellipticity. It has the form 

( ) ( )

( )

2 2 2 2 2 2
0

2 2
2 2 2 2

02

2
1 2

2
2 2

ˆ ˆcos cos 2 cos 3 cos

1
ˆ2 cos2 sin 2 cos

2

1
ˆ ˆsin2 cos sin cos

2

cos

co r

V r r r
r

k n rf i r r
G

r
r i i r

G G

r

G

κ ϕ κ ϕ κ ϕ κ ϕ β σ

κδ ϕ υ κ ϕ β υ κυ ϕ σ
ϕ ϕ ϕ

κ κκ ϕ β υ ϕ σ ϕ β υ ϕ σ

κ ϕ κυ

∂ = − − − + ∂ 

  ∂ ∂ ∂ ′+ − ∆ + + − + −  ∂ ∂ ∂   

 
 + + + − −  

 

+ − +

�

2 2

3

0 1 1 3

ˆsin
2

1
ˆ ˆ ˆ ˆ

2
r r

r r

K
i

i

r r r r

υβ ϕ σ

ψ ψψ σ σ σ ψ σ
ϕ ϕ

 
+ 

 

′ ′ ∂ ∂ ∂ ∂′ ′+ + − + ∂ ∂ ∂ ∂ 

 .    (17) 

Here 2ln nψ = �  and the prime stands for the derivative with respect to r. The terms in 

Eq. (17) placed in the last curly brackets originate from the gradient term on the r. h. s. of 
Eq. (2) taken in the straight fibre approximation. In this limit the helical coordinates coin-
cide with the cylindrical-polar ones. The gradient term may be written as 

'
2 '( ln ) ( ) r

t t t r r r r rn E E
rϕ ϕ
ψψ∇ ⋅∇ = ∇ + ∇E n n

� � � �

,                         (18) 
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 where rn  and ϕn  are the unit vectors of cylindrical-polar coordinates. In a matrix form 

Eq. (18) stands for 
0

0

r r
r

r

E

E
r

ϕϕ

ψ
ψ

′∇ 
   ⋅′   ∇  

 

, which can be decomposed in the Pauli matrix just 

as the group of terms mentioned above. These terms essentially describe SOI in the opti-
cal fibres [29, 30], i.e. a cross influence of spin (polarization) properties of an electro-
magnetic wave and orbital (spatial) characteristics of its energy motion upon propagating. 
In terms of geometrical optics, the SOI manifests itself as a mutual influence of the po-
larization and the trajectory of ray motion. The SOI lies in the basis of a number of opti-
cal phenomena, such as optical Magnus effect, etc. [31, 32]. Mathematically the SOI is 
implemented through the operators that act simultaneously on both the angular and spin 
variables. In fibres the SOI results in difference in the propagation constants of OVs with 
the same orbital number (at 2≥l ) and the opposite signs of their circular polarizations. 

Mark that by using the gradient term in the straight fibre approximation, we have ne-

glected the influence of geometry on the SOI. The third term in V̂  describes the effect of 

the ellipticity, whereas the other terms have a purely geometric origin. 

3. The structure of l=1 modes 

Mathematically, Eq. (15) has a form of eigenvalue equation. As is well established, utili-
zation of the perturbation theory proves to be fruitful for the weakly guiding fibres [33]. 

In our case the operator V̂  should be taken as a perturbation. Then the zero-

approximation equation should be written as 2
0

ˆ
lh h

H βΦ = Φ� , where β~  is the scalar 

propagation constant. Further we will show that this constant coincides with the standard 

scalar propagation constant of ideal straight fibres. Since the operator 0Ĥ  is translation 

invariant in ϕ , it is possible to search for its solution in a factorized form: 

( ) 0( )exp
h h

r imϕΦ =Φ Φ ,                                     (19) 

where ...2,1,0 ±±=m  and 0 h
Φ  is some constant vector. It is convenient to chose the 

eigenvectors of the matrix 2ˆiσ  for 0 h
Φ : 

1
h i+

 
Φ ≡  

 
 belonging to the eigenvalue i  

and 
1

h i−
 

Φ ≡  − 
 belonging to the eigenvalue i− . Then the eigenvectors of 0Ĥ  assume 

the form 

( )exp( )mh h
F F r imϕ±
± ±= Φ ,                                        (20) 

where mF ±  satisfies the following equation: 

2 2
2 2 2

2 2

1 ( 1)
( ) 0m

d d m
k n F r

dr r dr r
β ± 

+ + − − = 
 

∓ �� .                        (21) 
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Evidently, the function mF ±  represents a radial function lF  of the ideal straight fibre 

if only 1∓ml ≡ , so that β~  should acquire a natural subscript l . 

It is easily proven that each eigenvalue 2
lβ�  is degenerate. Indeed, the value 0=l  

can be obtained at 1=m  if the upper sign is chosen. If 1−=m , one has to choose the 

lower sign in order to get 0=l . So, there are two eigenvectors that belong to the eigen-

value 0β� : 

0
0 exp( ) ( )

hh
F F r iϕ± ±= ± Φ .                                         (22) 

Let us emphasize that, in this way, the 0l =  modes given by Eq. (22) become de-

pendent on ϕ , which should be attributed to locality of the basis rn , ϕn . The degree of 

degeneracy doubles if 0≠l : the case 1l =  can be obtained in four different ways:  

2;0m =  for the upper sign and 0;2−=m  for the lower one. This gives four eigenvectors 

that belong to the same eigenvalue 2
1β� :  

1 1

1 1

1 ( )exp(2 ) , 2 ( ) ,

3 ( )exp( 2 ) , 4 ( ) .
h h h h

h h h h

F r i F r

F r i F r

ϕ

ϕ
+ +

− −

= Φ = Φ

= − Φ = Φ
                       (23) 

In a similar manner, for arbitrary 0≠l  one obtains the following eigenvectors (writ-

ten in the explicit form) that belong to the eigenvalue 2
lβ� : 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1

1 1

1 1
, ,

1 1
, .

1 e 2 e

3 e 4 e

i l i l
l lh h

i l i l
l lh h

i i

i i

F r F r

F r F r

ϕ ϕ

ϕ ϕ

+ −

− − −

   
   
   

   
   − −   

= =

= =
.                    (24) 

For the step-index fibres lF  is the Bessel function. Though the vectors given by 

Eqs. (22)–(24) are represented in the helical frame of reference rn , ϕn , it is also con-

venient to have their form in the Frenet frame ,ν β : 

( ) ( )

( ) ( )

1 1
, ,

1 1
, .

1 e 2 e

3 e 4 e

l l

l l

il il

il il

i i

i i

F r F r

F r F r

ϕ ϕ

ϕ ϕ

−

−

   
   
   

   
   − −   

= =

= =
                  (25) 

In what follows, we will represent the final results in the Frenet basis, so that 

( , )

( , )

e r

e r
ν

β

ϕ
ϕ

 
  
 

Φ ≡ . The solutions given by Eq. (25) should be recognized as the CVs 

,lσ : 

1 1, , 2 1, , 3 1, , 4 1,l l l l= = − = − − = − .                         (26) 
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In terms of standard fibre modes, the CVs (26) may be represented as 

1, 1, 1, 1,,1, 1,e od e od
l n l n l n l nl HE iHE l EH iEHν ν
+ + − −± ± = ± ± = ±∓ ,             (27) 

where the upper and lower signs should be taken simultaneously on the both sides of 
these relations. Note that for simplicity we omit throughout the text the radial indices n, 
as well as the exponentials comprising the propagation constants, thus assuming that they 
do not vary within the modes (25). 

Since there is a four-fold degeneracy of the spectrum of 0Ĥ  (at 0≠l ), one should 

use the perturbation theory with degeneracy while obtaining the polarization corrections 

to the propagation constant 2
lβ�  and establishing the structure of modes [33]. According 

to that theory, one needs to build matrix of the operator V̂  on the basis of eigenvectors 

(24) that belong to the same eigenvalue 2
lβ� . The matrix elements are found as 

jViijV ˆ= , where the scalar product is defined by 

( )
2

* *

0 0

ψ

ψ

r

r r dr d
π

ϕ
ϕ

ϕ
∞  

= Φ Φ  
 

Φ Ψ ∫ ∫ .    (28)  

The structure of the modes is readily obtained from the standard secular equation 

2V β= ∆x x ,                                                        (29)  

where 2 2 2
lβ β β∆ = − � . 

For the case of 1=l  modes, the perturbation matrix 1V  is given by 

2
1 1

1 1 1
1 2

1 1

1 1 1

4 4 0 0

0

0 0 4 4

0

A D

D B B
V

A D

B D B

βυ υ

βυ υ

 
 
 
 
 
 
 

+ −

=
− −

,                     (30)  

where for the step-index fibres we have 

( )

( )
( )

' 2
1 1 1 12

1 0

2
1 1 1 12

1 0

2 2 2
1 1 1

1

1

.1 /co

A F F F
RQ r

B F F F
RQ r

D k n F R Qδ

∆= − =

∆ ′= + =

= − ∆ =

,                                          (31)  

Here the normalization coefficient reads as ( )2
1 1

0

Q RF R dR
∞

= ∫ , with 0/R r r= . The 

matrix (30) describes the combined action of different physical factors: the constants 

1 1,A B  represent in effect the SOI, the terms with the torsion account for the principal 
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contribution of geometric effects and, finally, 1D  describes the ellipticity. It is helpful to 

notice that the matrix 1V  has the same structure as the matrix (15) from the work [34], 

which describes the modes of twisted elliptical fibres. From this point of view, the torsion 
υ  is analogous to the twist parameter q. Physically, this means that both the torsion and 

twist give rise to the appearance of circular birefringence in the system.  
Unfortunately, it proves impossible to obtain a compact analytical expression for ei-

genvectors and eigenvalues of the matrix 1V  at arbitrary values of its parameters. How-

ever, in the most practically relevant case of relatively large ellipticity, which is imple-

mented at 1 1 14 , ,D A Bβυ� , the modes are easily found to be 

( ) ( )

( ) ( )

2 1

3 1 4 1

1 1

sin cos
cos , cos ,

cos sin

cos sin
sin , sin ,

sin cos

F r
i i

F r F r
i i

F r
θ

ϕ ψ ϕ
θ

ψ ϕ ψ ϕ

θψ
θ

θ θ
θ θ

   
=   −   

   
= =   −   

=
                 (32) 

where 1cot 2 / 4B qβθ = − �  and / 4 / 2π πθ≤ ≤ . 

The corresponding propagation constants of these modes may be written as  

( )
( )

2 2 2
1,2 1 1 1 1

2 2 2
3,4 1 1 1 1

,
1

2 16
4
1

2 16
4

D A B B

D A B B

β β υ β
β

β β υ β
β

= + + + ± +

= + − + + ± +

� �

�

� �

�

, .                      (33)  

Note that the modes (32) are written in the Frenet frame. Besides, we have used the 
well-known relationship [20] 

2 / 2δβ β β β β= − ≈ ∆� � ,                                               (34) 

while obtaining Eq. (33). The dependence of polarization corrections on the offset is 
given in Fig. 3.  

As follows from Eq. (32), the modes are elliptically polarized fields. The mode 
structure is governed by the ratio of the vectors components θsin  and θcos . Obviously, 

these modes are represented by circularly polarized fields at sin cosθ θ≈ ± . This occurs 

if the SOI constant 1B  is much less than the coiling-induced term in the matrix 1V . In the 

opposite case the modes are given by the well-known LP modes of ideal fibres [20], ex-
cept for that these modes trace adiabatically orientation of the Frenet frame. This situation 
is much the same as that taking place in the twisted elliptical fibres [35]. The modes given 
by Eq. (32) may be represented as a sum of left and right circularly polarized fields, e.g. 

( ) ( ){ }1
1

( )
cos sin cos sin cos

2

F R θ θ θ θ ϕψ + ++ Φ + − Φ= .              (35) 

It follows from this relation that the relative power 
2

N E± ±∝  ( E±  being the partial 
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amplitude stored in the corresponding circularly polarized field) is proportional to 

( )2
cos sinθ θ± . The ratio of the powers stored in the right and left circularly polarized 

constituents of the first mode (32), 

( )2tan 4
N

N
θ π+

−

= − ,                                                  (36)  

is displayed in Fig. 4. 

4. Topological phase in the coiled elliptical fibres 

Propagation of light along the coiled fibres is sometimes connected with the effects that 
do not depend upon dynamical factors associated with the nature of fibre material, the 
structure of the fibre and the like. Some effects depend only on geometric configuration 
of the fibre and are highly insensitive to variations of intrinsic fibre parameters. Among 
those effects one should mainly list the polarization rotation and the topological image 

 

Fig. 3. Polarization 

corrections i iβ β β∆ = − �  
versus offset for modes 
(32) of a coiled elliptical 
fibre, waveguide 
parameter 4.2V = , 

0.05δ = ,. The pitch 
2H Rπ=  is taken to 

provide maximal torsion at 
a given offset [18].  

 

Fig. 4. The ratio of the 

powers 
2

E±  stored in 

right and left circularly 
polarized constituents of 
the first mode (32) versus 
offset (in semi-logarithmic 
scale); waveguide 
parameter 4.2V = , 

0.05δ = , 2H Rπ= . 
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rotation. Historically, the former kind of topological effects has become a first example of 
geometric phase in optics (somewhat later, the Pancharatnam phase [36] has been recog-
nized to be a manifestation of the Berry’s phase [37]). As for the latter, though the topo-
logical rotation of images has also been reported in a number of experiments [8–10], until 
quite recently it has mainly been treated in the framework of spin-connected Berry’s 
phase. Meanwhile, it has been demonstrated [13, 15–17] that the image rotation is con-
nected with a special kind of Berry’s phase inherent in photons with intrinsic OAM. In 
the works quoted above the principles of observation of effects associated with such an 
“orbital” topological phase have been outlined. It has been established that the presence 
of constituent fields with the OAM (and the OVs) leads to rotation of interference pat-
terns. In the case of strongly anisotropic coiled fibres this image rotation is not accompa-
nied by the polarization rotation [17] and is the only topological effect. In this section we 
provide argumentation that the situation for strongly elliptical coiled fibres is reverse: the 
only geometric effect consists here in the polarization rotation. 

To prove this statement let us consider excitation of a coiled elliptical fibre by a 

Hermite-Gaussian mode 01HG . As is known, this causes excitation of the LP fibre mode 

[20]. Let this LP mode has the form 1

cos
( )

0
F r

ϕ 
 
 

 at the input end. Then it is decomposed 

in the fibre into the coiled-fibre modes (32), i.e. 

1 2( ) sin ( ) cos ( )s s sθ ψ θ ψΦ = + .                                    (37)  

Note that here we include the phase exponentials into the mode structure. After the 

coil 0( 2 / )s Kπ=  the input field )0(Φ  acquires the form ( )0sΦ : 

0 1

cos sin cos2
( ) ( )cos

sin 2 sin

i
s F r

γ γ θ
ϕ

θ γ
− 

Φ =  − 
,                               (38)  

where ( )22
0 1 4s Bγ υ β= + � . This elliptically polarized field is characterized by the fol-

lowing Stokes parameters: 

2 2
1

2

2
3

cos sin cos 4 ,

sin 2 sin 2 ,

sin sin 4 .

S

S

S

γ γ θ
γ θ
γ θ

= +
= −

= −

                                            (39) 

The inclination ψ  of the major axis of polarization ellipse is given by 

2
2 2

1

sin 2 sin 2
tan 2

cos sin cos 4

S

S

γ θψ
γ γ θ
−= =

+
.                                (40)  

Since the r. h. s. of Eq. (33) entangles the dynamical ( 1B ) and geometric (υ ) proper-

ties of the fibre, no purely geometric effect is observable for an arbitrary relation between 
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1B  and υ . However, the effect of coiling becomes prevailing if 14 Bβυ >>�  and an ex-

plicitly topological effect appears in the system. Simultaneously, the modes become cir-
cularly polarized fields. However, since this topological effect is connected with the 
phase of the modes rather than their structure, it would be more reliable to judge imple-
mentation of the topological effect by the corresponding phase characteristics. In Fig. 5 

we have provided the ratio 14 Bβυ >>�  versus the offset that governs also the phase de-

pendence of the modes given by Eq. (32). The topological effect appears at the area of the 

offset values where 14 Bβυ >>� . 

Indeed, in these areas one simultaneously has 4/πθ → . Furthermore, from Eq. (40) 

it follows that 0tan 2 tan 2 tan 2 sψ γ υ≈ − ≈ − . In the same manner, as it has been done in 

[16], one can show that the last relation yields in that, in the laboratory frame of reference 
(connected with the input end of the fibre), the major axis makes the angle 

2 (1 )vψ π= −                                                         (41)  

with the direction of the input beam polarization. Since cosv α= , where α  is the angle 

between the wave vector k  and the z axis, this result can also be expressed in terms of 

the solid angle Ω  subtended by k  in the momentum space: 

Ω=ψ .                                                              (42)  

One should notice that the output beam becomes linearly polarized at 14 Bβυ >>� , 

and the topological effect reduces to geometric rotation of the polarization plane, as in the 

case of single-mode fibres. Let us also emphasize that by exciting the mode 






∝
0

cosϕ  at 

the input end, we simultaneously provide that the ellipticity-induced dynamical phases, 

 

Fig. 5. Ratio 14 / Bβυ�  of the geometry-induced phase corrections to the SOI-

induced ones versus the offset: 4.2V = , 0.05δ = ,. 2H Rπ= . The topologi-

cal phase is implemented in the area where 14 Bβυ >>� . 
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which are included into the structure of modes 1,2 ( )sψ  in the decomposition (37), coin-

cide. Otherwise, no topological effect would be observed against a background of purely 
dynamical ones caused by the ellipticity of the fibre. For example, this will be the case for 

the linearly polarized OV 







0

)exp( ϕi : the decomposition in the fibre modes (32) analo-

gous to Eq. (37) would involve the modes 







0

cosϕ  and 







0

sinϕ  of different oddity, which 

have also different dynamical terms 1 / 2D β± �  in their polarization correction (33). 

It is not accidental that, though the 1=l  modes of the coiled elliptical fibres involve 

the partial fields 1,1 ±±  with a non-zero OAM, the topological phase does not manifest 

itself in the image rotation, as has been with the coiled anisotropic fibres [17]. The reason 
for this asymmetry can be found in the nature of AM for the coiled fibre modes in case of 
a strong coiling. Indeed, whereas the modes of strongly coiled anisotropic fibres carry the 
OAM, the corresponding modes of the coiled elliptical fibres carry the AM of spin nature. 
This circumstance is responsible for the fact that the coiled elliptical fibres exhibit the 
same topological effects as the single-mode fibres, in which photons possess only the 
SAM. 

5. Conclusion 

We have shown that the 1=l  modes of strongly elliptical coiled fibres are given by the 

fields that maintain elliptical polarization in the local Frenet frame. If the coiling-induced 
perturbation becomes larger than the intrinsic SOI, the modes turn into circularly polar-

ized fields. In this limiting case the intrinsic SAM of 1=l  modes tends to unity and a 

topological effect appears in the system. We have established that such a geometric phase 
manifests itself through a rotation of polarization plane of the LP mode excited in the fi-
bre. Similar to single-mode fibres, the rotation angle is found to be equal to the solid an-
gle subtended by the fibre coil. Its value coincides with the Berry’s topological phase ac-
quired by the mode upon propagation by one fibre coil. 
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